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ABSTRACT: Transformation optics has recently emerged as a powerful and systematic approach to design application-oriented metamaterials. In this letter, following up on our previous studies on thin planar
retroreﬂectors, we show how it is possible, in principle, to design
“transformation medium” coatings capable of controlling the scattering
response of metallic corner- and wedge-type structures so as, e.g., to
strongly enhance the specularly reﬂected component. We validate our
results via a full-wave study of the near- and far-ﬁeld responses, and
envisage possible applications. © 2009 Wiley Periodicals, Inc.
Microwave Opt Technol Lett 51: 2709 –2712, 2009; Published online in
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1. INTRODUCTION

The rapid advances in the engineering of metamaterials with
controllable anisotropy and spatial inhomogeneity have recently
led to the development of a novel framework, typically referred to
as “transformation optics” [1, 2], for the design of metamaterialbased devices that allow unprecedented control in the electromagnetic (EM) response. Besides the celebrated “invisibility cloaking”
(experimentally veriﬁed at microwave frequencies [3] and within
the visible range [4]), many other exciting developments are foreseen in a wide range of applications (see, e.g., [5–13] for a sparse
sampling).
In a series of ongoing investigations, we have been concerned
with the application of transformation optics to the design of
coatings for controlling the scattering response of ﬂat metallic
structures. For instance, in [14], we addressed the design of thin
planar retroreﬂectors inspired by the dihedral corner-reﬂector geometry. In this framework, we showed that it was possible to
design a metamaterial layer (with anisotropic and inhomogeneous
distribution, and with constitutive parameters values that were
positive, everywhere limited, and not particularly high), which laid
on a metallic plate, would lead to a strong enhancement of the
monostatic radar cross-section (RCS) response.
Following up on the earlier study, in this letter, we deal with
more complicate geometries featuring wedge- or corner-type metallic scatterers. To illustrate the potentials of the transformationoptics approach in controlling the scattering response, we focus on
a rather challenging example, namely, the design of metamaterial
coatings capable of inducing an overall behavior similar to that
exhibited by a planar metallic sheet (i.e., with a predominant
specular response). Such response may be very useful in radar
countermeasure applications, where dealing with wedge/cornertype structures represents a critical issue for the reduction of the
overall visibility.
Following the standard transformation-optics approach, we ﬁrst
design the desired ﬁeld behavior, for both the wedge- and corner-
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Figure 1 Problem geometry. (a) Planar metallic reﬂector in the 共x⬘,y⬘兲
space. (b) Proposed wedge-type reﬂector in the transformed 共x,y兲 space.
Black thick lines denote the PEC boundaries; red dashed lines delimit the
free-space (a) and coating (b) regions involved in the transformation.
[Color ﬁgure can be viewed in the online issue, which is available at
www.interscience.wiley.com]

type scatterers, in a ﬁctitious space characterized by a suitable
“ﬂattening” metric. Next, in view of the formal invariance of
Maxwell’s equations under coordinate transformations, we translate such a behavior in a conventional ﬂat, Cartesian space ﬁlled by
a suitable (anisotropic and spatially inhomogeneous) “transformation medium.”
Accordingly, the rest of this letter is organized as follows. In
Section 2, we illustrate the problem geometry and parameters. In
Section 3, we present a number of representative results, pertaining
to the near- and far-ﬁeld responses. Finally, in Section 4, we
provide some conclusions and hints for future research.

where the parameter a is now related to the corner aperture angle
A [see Fig. 2(b)] via a ⫽ cot共A/2兲. Note that for square (i.e.,
A ⫽ 90⬚ ) wedges and corners, we have a ⫽ ⫺ 1 and a
⫽ 1, respectively, and that for A ⫽ 180⬚ (i.e., already ﬂat
geometries) we have a ⫽ 0, and the transformations reduce to
rigid translations along the x axis. The mapping, via (1) and (2), of
the planar surface plus a portion of free-space [bounded by the red
dashed lines in Figs. 1(a) and 2(a)] in the ﬁctitious 共x⬘,y⬘,z⬘兲 space
onto a wedge/corner-shaped conﬁgurations in the transformed
space 共x,y,z兲 is illustrated in Figures 1(b) and 2(b), respectively;
PEC sheets forming the wedge/corner (black thick lines) have
width L 冑a2 ⫹ 1 (i.e., the structures have a total aperture of 2L ),
and are topped by a slab of thickness d (red dashed lines). Following Refs. [1, 2], the same behavior can be obtained in a
conventional, ﬂat Cartesian space, provided that the slabs in the
transformed regions are ﬁlled up by “transformation media” with
relative permittivity and permeability tensors given by
 r ⫽  r ⫽ J 䡠 J T关det共 J兲兴⫺1 ,

where J ⫽ ⭸共x,y,z兲/⭸共x⬘,y⬘,z⬘兲 is the Jacobian matrix of the transformations in (1) and (2), and the superﬁx T denotes transposition.
As a result, we obtain the following explicit expressions, for the
wedge- and corner-type scatterers, respectively,
 r共x,y兲 ⫽ r共x,y兲

冤

a2 gw2共x,y兲 ⫹ d2
d共d ⫹ a兩y兩 ⫺ aL兲
a
⫽ ⫺ sgn共 y兲gw共x,y兲
d

2. GEOMETRY AND PARAMETERS

The conﬁgurations of interest for our two-dimensional (2D) prototype study are illustrated in Figures 1 and 2. In both cases [cf.
Figs. 1(a) and 2(a)], we start from a ﬁctitious (x’,y’,z’) space
featuring the desired response (i.e., mainly specular reﬂection),
which is most easily achievable considering an inﬁnitely long (in
the z-direction) perfectly electric conducting (PEC) sheet (black
thick line) of width 2L in free space. To induce such a behavior in
the wedge-type [cf. Fig. 1(b)] and corner-type [cf. Fig. 2(b)] PEC
conﬁgurations of interest in the actual (x,y,z) physical space, we
need to ﬁnd two coordinate transformations capable of mapping
the PEC planar sheet in the ﬁctitious space onto such conﬁgurations. For the wedge case, a simple transformation is given by
x⫽

0

(4)
 r共x,y兲 ⫽ r共x,y兲

冤

a2 g2c 共x,y兲 ⫹ d2
da共兩y兩 ⫺ L兲
a
⫽ ⫺ sgn共 y兲gc共x,y兲
d

a
⫺ sgn共 y兲gc 共x,y兲
d
a
共兩y兩 ⫺ L兲
d

0

0

incidence
direction

L

冥

0
0

,

(5)
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,

a
共兩y兩 ⫺ L兲
d

y'

x⬘d
⫺ aL ⫺ d ⫹ a兩y⬘兩,y ⫽ y⬘,z ⫽ z⬘,兩y⬘兩 ⱕ L,
a共兩y⬘兩 ⫺ L兲

冥

0

1⫹

0

where the parameter a is related to the wedge aperture angle A
[see Fig. 1(b)] via a ⫽ ⫺ cot共A/2兲, whereas the parameter d
controls the aspect-ratio of the transformed geometry. Although
such a transformation could, in principle, still be applicable to
corner-type geometries [considering aperture angles A ⬎ 180⬚ in
Fig. 1(b)], for reasons that will become clear hereafter, it is
expedient to deal with the corner-case using a different transformation:
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Figure 2 As in Figure 1, but for the corner case. [Color ﬁgure can be
viewed in the online issue, which is available at www.interscience.wiley.com]
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where gw 共x,y兲 ⫽ x ⫺ 2a兩y兩 ⫹ aL, gc 共x,y兲 ⫽ x ⫺ 2a兩y兩
⫹ L ⫹ aL ⫹ d, sgn共 䡠 兲 denotes the signum function, and the
anisotropy and spatially inhomogeneity are evident. Note that the
coordinate transformations in (1) and (2) ensure perfect-impedance
matching (i.e., zero reﬂection) at the interface with free-space.
As in Ref. [14], the properties of the above transformation
media can be better understood diagonalizing the tensors in (4) and
(5). One can show that, in both cases, the material parameter
distributions and the principal axes exhibit mirror symmetry (inherited from the original planar conﬁguration) around the x-axis.
Moreover, as for the retrodirective-reﬂector case in Ref. [14], the
constitutive parameter values for the wedge coating turn out to be
all positive, everywhere limited, and not particularly high, thereby
not implying insurmountable technological challenges in their
fabrication. As an example, for a coating thickness d
⫽ L/共3 冑2兲, the variation ranges for the components along the
local eigenvector directions in the x-y plane and along the zdirection are [0.10, 0.95], [1.05, 10.5], and [1.03, 5.23], respectively. On the other hand, the constitutive parameters associated
with the corner coating are negative, and one of them can be
locally divergent. This is not surprising, in view of the spacefolding properties of the transformation (also observed, e.g., in
anti-cloak-type conﬁgurations [12, 13]), but renders the fabrication
of the corresponding transformation media practically unfeasible
within the current technological capabilities. We decided nevertheless to study this conﬁguration too, since the potentially interesting properties exhibited may serve as a further motivation
(together, e.g., with the anti-cloak-type conﬁgurations [12, 13]) for
advances in the synthesis of double-negative metamaterials with
extreme parameter values. In this connection, we also point out
that the transformation in (1), though technically applicable to the
corner case as well (using values of the aperture angle A
⬎ 180⬚ ), would lead to a combination of double-positive and
double-negative media with extreme parameters, which would
likely cause convergence problems in the numerical simulations
(see Section 3 later). This is the reason why we chose the transformation in (2).
3. REPRESENTATIVE RESULTS

As in Ref. [14], we carried out a study of the near- and far-ﬁeld
responses of the wedge- and corner-type conﬁgurations, based on
ﬁnite-element method (FEM) full-wave simulations [15]. We considered a time-harmonic 关exp共 jt兲兴 plane-wave excitation with
unit-amplitude z-directed electric ﬁeld and incidence angle i , and
a computational domain of sidelength 140 (0 being the freespace wavelength), discretized into ⬃ 800,000 unknowns. In
what follows, for brevity, attention will be focused on the representative cases of square 共A ⫽ 90⬚兲 wedges and corners.
Some representative near-ﬁeld maps, for oblique incidence
with i ⫽ 15°, are shown in Figure 3, for the conﬁgurations under
examination: plain PEC [Fig. 3(a)] and metamaterial-coated
wedges [Fig. 3(b)], plain PEC [Fig. 3(c)] and metamaterial-coated
corners [Fig. 3(d)], and plain PEC sheet [Fig. 3(e)], with moderate
electrical apertures and coating thicknesses. The specular responses of the proposed metamaterial-coated conﬁgurations in
Figures 3(b) and 3(d) are clearly visible from the wavefront
shapes, remarkably different from the uncoated cases in Figures
3(a) and 3(c), and in complete agreement with that observed in the
plain PEC sheet reference case [Fig. 3(e)]. In order to obtain a
clear visualization of the ﬁeld inside the structures, we chose a
moderate thickness value d ⫽ L/共3 冑2兲 ⫽ 0 . However, consistently similar behaviors were observed for thinner slabs.
Subsequently, we calculated the 2D bistatic RCS [16] 2D共兲,
with  ⫽ arctan共 y/x兲, constructing a Bessel-Fourier expansion of
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Figure 3 FEM-computed near-ﬁeld maps (real part of electric ﬁeld) for
unit-amplitude plane-wave oblique (i ⫽ 15°) incidence. (a), (b) Plain PEC
and metamaterial-coated square (A ⫽ 90°) wedges, respectively, with
2L ⫽ 6 冑20 and d ⫽ 0 . (c), (d) Plain PEC and metamaterial-coated
square corners, with same parameters. (e) Plain PEC sheet. For computational convenience, the structures are rotated and the illuminating wave is
impinging horizontally (from right). [Color ﬁgure can be viewed in the
online issue, which is available at www.interscience.wiley.com]

the scattered electric ﬁeld via point-matching of the FEM solution
on a near-zone circle. The behavior observed in the near ﬁeld maps
is conﬁrmed by the bistatic RCS responses, as shown in Figures 4
and 5, for a reduced coating thickness d ⫽ L/共6 冑2兲 ⫽ 0 /2.
Besides the obvious forward-direction peak, the two uncoated
structures exhibit the well-known scattering features (displayed as
blue-dotted curves). Speciﬁcally, the wedge structure (see Fig. 4)
exhibits two lobes (asymmetrical, in view of the oblique incidence)
at direction 90° ⫺ i and 270° ⫺ i, arising from the single reﬂections at each face, whereas the corner structure (see Fig. 5) exhibits
a strong retroreﬂection peak arising from the double reﬂection at
its faces. These features are suppressed in the metamaterial-coated
structures, and a strong specular ( ⫽ ⫺ i) peak is instead
observed (black-solid curves), practically indistinguishable (on the
plot scale) from the plain PEC sheet reference case (red-dashed
curves).
Finally, Figure 6 compares the responses of the two proposed
metamaterial-coated structures to that of the reference plain PEC
sheet in terms of the specular RCS (i.e., the value of the bistatic
RCS, normalized to the free-space wavelength, for  ⫽ ⫺ i ),
as a function of the incidence angle. Once again, very similar
behaviors are observed for the three conﬁgurations.
It is worth noting that the above responses pertain to ideal
(lossless) metamaterials. However, as in Ref. [14], they were
found to be not dramatically affected by the presence of small
losses.
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Figure 4 As in Figure 3, but 2D bistatic RCS (scaled to the free-space
wavelength), for plain PEC wedge (blue-dotted curve) and planar sheet
(red-dashed curve), and for metamaterial-coated wedge (black-solid curve)
with d ⫽ 0 /2. The coated-wedge and planar-sheet responses are practically indistinguishable on the scale of the plot. The incidence direction is
marked by a thick arrow. [Color ﬁgure can be viewed in the online issue,
which is available at www.interscience.wiley.com]

Figure 6 As in Figures 4 and 5, but specular ( ⫽ ⫺ i) RCS as a
function of the incidence angle i, for metamaterial-coated wedge and corner,
and for plain PEC sheet (circles, squares, and triangles, respectively)
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