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Abstract—In this paper, we use higher order impedance
boundary conditions (HOIBCs) for studying high frequency
asymptotic two-dimensional (2-D) scattering of truncated aperture-generated electromagnetic fields from planar conducting
surfaces coated by multiple layers of homogeneous bi-anisotropic
media. The reflected field syntheses are carried out via asymptotic
reduction of rigorous plane-wave spectral integrals, which are
subsequently discretized and transformed to the spatial domain
through use of a Gabor-based narrow-waisted (NW) Gaussian
beam (GB) algorithm. In this discretized algorithm, the GB
propagators are approximated by previously explored standard
and modified (uniform) complex-source-point paraxial asymptotic
techniques. Example applications are restricted to zeroth and
second order IBCs for single- and multilayer complex coatings,
with emphasis on the adaptation of the NW-GBs to the HOIBC
launch conditions in the presence of localizing (e.g., focused
and/or abruptly truncated) illumination. The results confirm that
the previously established utility of the NW-GB algorithm with
respect to accuracy and computational feasibility continues to hold
for this fairly general combination of environmental complexity
and strongly inhomogeneous (localizing) illumination.
Index Terms—Bianisotropic layered media, Gaussian beam
asymptotics, higher order impedance boundary conditions.

I. INTRODUCTION

A

NALYSIS of electromagnetic (EM) time-harmonic
scattering from metallic objects coated by thin layers of
composite materials is an important problem which arises in
many applications ranging from design of microwave absorbers
to analysis of radar signatures. During the last decade, this
problem has attracted renewed interest related to advances in
materials technology which have allowed the actual manufacturing of novel artificial media such as uniaxial chiral [1] and
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negative-refraction [2] materials. Anticipated capabilities for
realizing classes of exotic “complex media” with bianisotropic
propagation and scattering properties [3] will endow the
designer with new perspectives on circuit components and
devices [4]–[6]. While most theoretical aspects pertaining to the
electrodynamics of such materials are already well understood
(see, e.g., [7] and the references therein for a comprehensive review), their utilization as composite smart coatings for metallic
objects is still a largely open issue whose investigation requires
effective simulation tools. In this connection, use of rigorous
analytical (spectral) techniques is restricted to canonical coordinate-separable (i.e., planar, circular cylindrical, spherical)
geometries (see, e.g., [8], [9]), whereas numerical techniques
[10], [11], though more generally applicable, usually require
rather cumbersome and computationally demanding implementations which do not contribute much physical insight. The
use of approximate impedance boundary conditions (IBCs),
formalized by differential equations which relate the tangential
(or normal) electric and magnetic field components at the
interface between the coated object and free space, provides
an attractive framework for both analytical and numerical
implementation in these complex wave scattering scenarios.
The coefficients in such differential equations depend on the
local properties of the coating as well as on the frequency;
solutions are usually obtained by solving suitable canonical
problems or via Taylor series expansion of the fields.
Derivations and applications of IBCs for wave propagation
and scattering in acoustics, electromagnetics, hydrodynamics,
etc., are available in the technical literature (see [12]–[33] for
a sparse sampling). Starting from the simplest and well-known
Leontovich-type IBCs [12], which do not contain field derivatives and can be applied only to electrically thin and/or considerably dense/lossy coatings [15], more sophisticated IBCs
with a wider range of applicability have been developed via
the inclusion of appropriate higher order field derivatives [13],
[14], [16]–[21]. Such IBCs are usually referred to as generalized
IBCs or higher- order IBCs (HOIBCs). Up to the second order,
they have been applied successfully to a variety of EM scattering
problems involving homogeneous and inhomogeneous dielectric (multi-)layers [13]–[27], [29], dielectric-filled grooves [19],
[22], bianisotropic coatings [28], [31], [32], nonlinear media
[30], etc.
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Expanding upon the conventional canonical excitations, the
scattering of truncated large phased-aperture-generated incident high-frequency (HF) fields by thinly coated HOIBC
surfaces would appear to be of interest for more “realistic” applications. To address such problems efficiently, we explore in
the present paper the utilization of Gabor-based narrow-waisted
(NW) quasiray Gaussian beam algorithms, which have emerged
in the last decade as attractive alternatives to traditional ray
methods for wave propagation and scattering in complex environments [34]–[41] by overcoming failures near caustics and
other transition regions, while preserving the attractive computational features of ray field tracking in the presence of
electrically large computational domains.
To the best of our knowledge, HOIBC-parameterized phased
(including focused)-aperture-excited HF scattering has not
been investigated elsewhere in the technical literature. For our
example configuration, we have chosen a planar geometry
for which a rigorous reference solution is available, thereby
allowing for systematic validation and calibration. Solutions
for this canonical problem category, naturally addressed in the
spectral domain, constitute the building blocks for more general
applications involving gently curved surfaces and/or slowly
varying coating parameters. Anticipating such extensions, our
field syntheses are eventually recast in the spatial domain so as
to facilitate their local (adiabatic) application. The coatings to
be explored are composed of multiple layers of materials with
general linear bi-anisotropic constitutive relationships, which
have recently received attention as potential candidates for
reduced-reflection surface treatments [6]. For such coatings,
the HOIBC approach proposed by Hoppe and Rahmat-Samii
[22] and implemented up to the second order, as well as its
subsequent generalizations in [29] and [31], have been found
effective and systematic and will therefore be pursued in our
investigation.
The remainder of the paper is organized as follows. In Section II, the HF scattering problem is formulated and the notation
utilized throughout the paper is introduced. In Section III, the
field reflected by the coating is derived, evolving from the
rigorous spectral (plane-wave) synthesis to the HF approximate
Gabor-based beam syntheses. In this connection, previously
used standard and new guided/leaky-mode-induced (uniform)
complex-source-point (CSP) paraxial asymptotic techniques
are utilized for effective closed-form approximations of the
IBC-matched discretized beam propagators. It is shown that
conventional continuous Kirchhoff-type integral formulations
can be obtained from such CSP beam syntheses in the limit
of vanishing complex displacement (i.e., vanishing NW beam
waist). Section IV contains numerical results, with accuracy
assessments and discussion of computational issues. Conclusions are summarized in Section V. The reader is referred to
[22], [31], [35], [38], [41], for theoretical and computational
details on the HOIBCs and on the NW-GB algorithms (see also
the brief Appendixes).
II. PROBLEM FORMULATION
A. Physical Configuration
The problem geometry is shown in Fig. 1. An aperture-generated incident field illuminates a planar perfectly conducting
surface with a planar penetrable (possibly composite) coating

of total thickness . The incident field is generated by a large
(arbitrarily phased) truncated aperture field distribution of width
, located at
, where the tangential
field components are specified
,
,

(1)
(2)

Here and henceforth, an implicit
harmonic time dependence is assumed and suppressed. Bold face symbols denote vector quantities, the subscript “ ” denotes tangential (i.e.,
plane) fields, and
denotes an -directed unit vector.
The assumed planar multilayer coatings are composed of homogeneous linear materials with general (bianisotropic) constitutive relationships [42],
(3)
where and are the free-space electric permittivity and magnetic permeability, respectively,
is the free-space
characteristic impedance, and , , , are dimensionless
dyadics which, in the assumed Cartesian coordinate system,
are represented as 3 3 matrices; a double underline denotes
dyadic operators. For possible extensions including, e.g., corrugated surfaces and longitudinally inhomogeneous (i.e., in the direction normal to the boundary) dielectric layers, see [22], [29],
[31]. The interface between the coating and free space is assumed to be located at
, and the coating is assumed to be
electrically thin. As in [31], we consider rotationally symmetric
coatings, whose constitutive properties are invariant under an
arbitrary rotation around the -axis. Under these symmetry assumptions, which arise in many situations of practical interest
(e.g., chiral materials, normally biased ferrites, normally uniaxial crystals), and with the excitation in (1), the problem is
reduced to a two-dimensional (2-D) form, with all fields and
quantities independent of . Note that, despite the above 2-D reduction, the problem is not scalar in general, since the coating
may exhibit polarization-rotating properties [22]. Our interest
lies in computing the reflected field in the halfspace
.
B. High-Order Impedance Boundary Conditions
We deal with a general class of HOIBCs at the interface separating the coating and free space
, which are defined as
follows:

(4)
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Fig. 1. Problem schematic: a large truncated aperture field distribution F( ) of width at =
radiates in the presence of a perfectly conducting planar
and top surface at = 0. The coating is composed of multiple layers of bi-anisotropic materials, and
surface with a thin penetrable coating of total thickness
0.
is described via the th-order impedance boundary conditions in (4) or their spectral counterpart in (7). The reflected field is observed in the halfspace

N

d

In (4), the approximate “ ” symbol refers to the truncation
at order
of the rigorous
sum in the exact IBC;
the subscript “ ” denotes field quantities evaluated at the inter, and
,
are constant coefficients
face
depending on the frequency and on geometrical and constitutive properties of the coating. The highest order of the field
derivatives involved in (4) will be referred to as the “order” of
the IBCs (in our applications in Section IV, we shall use
,
as in [22]). The assumed rotational invariance introduces some
constraints in these coefficients. In particular,
for odd
(i.e., only even-order derivatives appear); for relations among
the nonzero coefficients, see [22, Appendix B], and Appendix A
for the case of zeroth- and second-order IBCs.
The wavenumber spectral domain will be accessed via the
spatial Fourier transform pair

(5)
with
denoting the -domain wavenumber, and the caret
denoting plane-wave spectra. Accordingly, in the wavenumber
spectral domain, the algebrization of the spatial derivatives
reduces the HOIBCs into compact matrix
form

z>

with
mials in

,

, denoting

th degree polyno-

(9)
It follows from (7)–(9) that the approximated components of
the dyadic spectral impedance in (7) are finite-order rational
functions of the spectral wavenumber . Recalling that for
the present geometry one can derive exact spectral domain
IBCs [31, Section 2.1] in terms of meromorphic functions (i.e.,
with an infinite number of pole singularities), the approximate
HOIBCs in (4) can be viewed as a spectral truncation (in
terms of finite-order rational functions) of the exact
IBCs; their validity is consequently restricted to a limited
spectral range. Within the context of the subsequently imposed
constraint, we shall explore to what extent this limited
spectral range of validity is capable of accommodating the
spatially wide (spectrally confined) aperture field distributions
of interest here. For our intended applications, we shall follow
the approach of Hoppe and Rahmat-Samii [22] (and its generalization in [31]) to obtain the HOIBCs (see also Section IV
and Appendix B).
Since the analytic manipulations that follow are formally independent of the order of the IBCs in (4), the superscript
will be dropped from here on for simplicity of notation.
III. REFLECTED FIELD SYNTHESIS
A. Solution in the Spectral Domain

(6)
or equivalently

(7)
where

denotes the inverse operator and

(8)

For the assumed geometry, the reflected field due to the illuminating field in (1), and with the spectral domain HOIBCs in
(7), can be synthesized rigorously in the wavenumber spectral
domain. The high-frequency (HF) Gabor-based NW-GB syntheses in Section III-B evolve from the rigorous spectral domain formulation. Using (7) together with simple plane-wave
concepts, the reflected and incident field plane-wave spectra at
, denoted by
and , respectively, can be
the interface
related via a dyadic (matrix) reflection coefficient

(10)
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The fields in (10) have been decomposed into the two standard
and perpendicular
polarization states, with reparallel
spect to the incidence plane (see Fig. 2). The dyadic reflection
coefficient is given by

(11)

(12)
In (12),
is the free-space wavenumber,
with denoting the free-space wavelength, and is the longitudinal wavenumber. The expressions in (10)–(12) are slightly
different from those in [22] due to the different time dependence
and axis orientation here. The reflected field in the halfspace
is readily obtained by propagating the spectrum in (10)
via plane-wave superposition [43]. Using simple plane-wave
algebra, the result can be expressed conveniently in Cartesian
coordinates as

k

Fig. 2. Incident and reflected field decomposition. (a): Parallel ( )
polarization; (b): perpendicular ( ) polarization. k and k denote the
incident and reflected wavevectors, respectively.

?

where (see [22, App. D] for details)

aperture field distributions in Gabor-based GB algorithms (see
[38], [41]), we first rewrite the aperture field distribution in (2)
as
(16)
where the linear phasing term has been separated out. In (16),
is a real tilt angle, and
is a complex (possibly nonlinearly
phased) vector function. Generalizing the approach in [38], [41]
into a Gabor series [44]
to the vector case, we then expand
(17)
, and
represents the normalized
where
Gaussian window (initial beam profile)

(13)
where

(18)

is a Cartesian dyadic reflection coefficient,

(14)

and
denotes the Cartesian tangential
incident field
plane-wave spectrum at the interface
, which is tied to the
spectrum of the aperture field distribution in (2) via
(15)
Numerical brute-force integration of (13) will be used in Section IV to obtain a reference solution for calibrating and validating the NW-GB syntheses discussed next.
B. HF Asymptotics: Gabor-Based Beam Synthesis
Starting from (13), a conventional spatial-domain Kirchhoff-type integral formulation of the reflected HF field can
be obtained by substituting the Fourier integral pertaining to
and performing the spectral integration asymptotically.
In this synthesis, the reflected field is launched from an equivalent aperture plane by the illumination-generated equivalent
sources. In what follows, we shall derive an alternative synthesis based on the analytic explicit Gabor-discretized NW-GB
algorithm. This formulation is more flexible and efficient, and
reduces in the continuous limit to a Kirchhoff-type integral
formulation. Recalling the efficient treatment of linearly phased

This formal complete representation places the beam basis functions on a discretized ( , ) phase-space lattice, on which each
lattice point gives rise to a GB whose spatial and spectral (beam
tilt) shifts are tagged by the indexes and , respectively. Spatial and spectral periods are related by the configuration-spec[44]. The vector expansion coeffitrum tradeoff
in (17) can be computed in principle by introducing
cients
an auxiliary bi-orthogonal function [44], but our subsequent use
of narrow-waisted beams allows a simpler and more efficient approximate estimation [38], [41]. By substituting the Gabor exin (17) into the expression for
in (16),
pansion of
one obtains via Fourier transform [see (15)] the following expansion for the tangential incident field plane-wave spectrum at
,
the interface

(19)
The corresponding Gabor lattice representation of the reflected
field follows directly by combining (13) and (19), and can be
expressed concisely as
(20)
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reflection coefficients (i.e., with pole singularities sufficiently
far from the SP), generalization of the standard nonuniform SP
CSP asymptotics in [35] is rather straightforward. One obtains
the following expression for the dyadic NW beam propagator

(25)
(21)

where
(26)

with

and

and

represents the complex distance
(27)

(22)
The dyadic beam propagators in (21) can be viewed as a generalization of the vector beam propagators in [34]. Their tensor
nature arises from the assumed full polarization of the incident
field, whereas the presence of the (dyadic) spectral reflection
coefficient accounts for the effect of the coating. The approximate asymptotic reduction of the spectral integral in (21) will be
performed via standard and modified CSP paraxial asymptotics.
1) Narrow-Waisted Beams and Regular Reflection Coefficient: Nonuniform Complex-Source-Point Paraxial Asymptotics: As in [38], [41] we use propagation-matched
narrow-waisted (NW) beams
, which have
several attractive features. First, the evaluation of the formally
in (20) can be
messy Gabor vector amplitude coefficients
carried out effectively by mere sampling of the aperture field
(for simplicity of notation,
distribution at the lattice points
the subscript “ ” is henceforth replaced by “ ”)
(23)
In free space, the wide spectral spacing (i.e., large “tilt” intervals) arising from the tight spatial packing under NW conditions
(due to the Gabor spatial-spectral tradeoff) was found to drive
beams away from the aperture into the evanescent
all
range. These beams, tilted with respect to , were therefore ignored [38]. In the presence of a penetrable coating, evanescent
constituents may interact with the structure so as to couple to
possible surface-wave fields, but their contribution is still negligible (exponentially decaying) for observation and aperture distances sufficiently far from the coating. Under these conditions,
the NW beam synthesis of the reflected field involves only an
aperture-filling finite series of propagating beams
(24)

between the observer at
image plane

and the CSP located on the
(28)

Here and henceforth, a tilde ( ) superscript on a quantity denotes its extension into a complex coordinate space. The CSP
displacement parameter (Fresnel length) in (26) and (28) is
and the tilt angle
via
related to the beam lattice period
[35]. Moreover, in (25),
denotes the
approximate complex SP
(29)
obtained via analytic continuation (to
in (28) of the real
and
. The CSP
SP derived from (22) with
asymptotic result in (25) is valid in the paraxial far-zone of each
. Apart from their tensor structure, the corbeam,
responding beam propagators are formally similar to the CSP
NW-GB propagators in [35] but they are no longer paraxially
Gaussian, due to the modulation introduced by the spectral reflection coefficient. These wave objects will be referred to as
dyadic narrow-waisted “standard modulated Gaussian beams”
,
(NW-SMGBs). Note that in the limit of zero spacing
the beam synthesis in (24) reduces to a conventional Kirchconhoff-type continuous superposition of real-source
tributions (cylindrical waves).
2) Narrow-Waisted Beams and Singular Reflection Coefficient: Uniform Complex-Source-Point Paraxial Asymptotics: If
the spectral reflection coefficient has pole singularities close to
the SP, the nonuniform approximation in (25) breaks down, and
must be replaced by modified uniform asymptotics [45, Sec.
4.4]. Here, by addition and subtraction, it is convenient to split
the dyadic spectral reflection coefficient as follows:
(30)

In [35], [36] an effective reduction of the NW beam propagator
integral in (21) is obtained via saddle-point (SP) methods and
CSP paraxial asymptotics applied to the phase function in (22).
Here, care should be taken due to the presence of the dyadic
spectral reflection coefficient in (21), which may contain pole
singularities close to the SP (poles have not been encountered
in our previous NW-GB investigations [34]–[41]). For regular

denotes the regular (i.e., singuwhere the superscript
denotes the
larity-free) part, whereas the superscript
singular part. The (standard) regular part can be handled as
in Section III-B1. In the spectral range of interest (i.e., where
the incident field is significantly nonzero), the singular part
can be approximated “reasonably well” by a finite number of
dominant poles (those closest to the SP). These poles should
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not be confused with the poles of the spectral impedances
discussed in Section II-B. For a generic element of the
(
,
dyadic (3 2 matrix) in (14), tagged by the indices
2, 3,
, 2), one should therefore derive a finite-order
approximate partial-fraction (pole-residue) expansion

(31)
and
denoting the poles and corresponding
with
residues, respectively. Estimating such poles and residues,
, constitutes a typical model-based
as well as the order
parameter estimation problem [46], which can be addressed
in several ways. Here, we used a simple scheme based on
type-II Padé (rational) approximants [47, Sec. 1.2.2]. In this
scheme (see Section IV-A for details), a point-matching procedure is employed to determine a rational approximation of
, which is then recast in the pole-residue form of
(31). For implementation of the asymptotics corresponding to
(31), we employed the Van der Waerden modified saddle-point
procedure for integrands with poles [45, Section 4.4], which
yields a uniform approximation. The reflected field is thus
synthesized as follows:
(32)

is the dyadic NW-MGB propagator in (25) with
where
replaced by
, whereas
is a dyadic beam propagator whose generic
element has the following closed-form
:
expression, valid for

(33)
is the Heaviside’s step function, and
In (33),
error function complement [48, Section 7]

is the

(34)
Moreover,

in (29). The wave objects
the approximate saddle-point
in (32) will be referred to as dyadic NW “uniform modulated
Gaussian beams” (NW-UMGBs). The use of CSP-analytically
continued uniform beam propagators has also been explored
by Cheung and Jull [49] in a different context involving edge
diffraction problems. Note also that the uniform beam synthesis
in (32) reduces to a uniform Kirchhoff-type integral formulation
(and hence ) tends to zero.
in the limit as
IV. EXAMPLES OF APPLICATION
A. Implementation Details and Simulation Parameters
An extensive series of numerical experiments has been
carried out in order to validate and calibrate the beam syntheses
developed in Sections III-B1 and III-B2. As mentioned before,
. Our reference solution is
we used IBCs of order
obtained from brute-force numerical quadrature (five-point
Gaussian [50], 20 points per spectral period) of the exact
plane-wave spectral representation for the reflected field in
(13). This solution incorporates the exact spectral IBCs (and
thus the exact dyadic reflection coefficients), computed via
the systematic procedure in [31, Sec. 2.1]. Moreover, in order
to facilitate the numerical integration, the spatial distribution
of the aperture field in all simulation examples below has
been chosen so as to render the plane-wave spectrum in (15)
computable analytically in closed form.
Concerning the choice of beam syntheses and HOIBCs, we
have selected three interesting combinations: i) UMGBs (cf.
(32)) and second-order IBCs, ii) SMGBs (cf. (24)) and secondorder IBCs, and iii) SMGBs and zeroth-order IBCs. In all examples, zeroth- and second-order IBCs were derived using the
systematic spectral domain procedure in [22], [31] (see also
Appendix B). For second-order IBCs, exact and approximated
,
IBCs were matched at three spectral directions
and , spanning the entire visible range. Zeroth-order (Leontovich-type) IBCs were determined by matching the exact and
only.
approximated IBCs at normal incidence
For UMGBs, the pole-residue approximation in (31) was
obtained via type-II Padé (rational) approximants [47, Sec.
1.2.2]. Note that, as a consequence of the assumed symmetry
in the problem,
in (7) and in (11) are even functions of
. It follows from (14) that the elements in consist of even
functions of , possibly multiplied by . Accordingly, it is
expedient to approximate the even parts in terms of rational
functions in the variable , so as to reduce the number of
unknown parameters. From this approximation, determined via
point matching [47, Section 1.2.2], the decomposition as in (30)
and (31) follows via straightforward analytic manipulations,
recalling the simple identity
(37)

(35)
(36)
corresponding to
in (22). The asymptotic approxwith
, although a
imation in (33) is valid uniformly as
slight deterioration in accuracy is to be expected when using

, although no simple rule of
Concerning the choice of
thumb can be provided, general guidelines can be found in
,
[46], [47, Sec. 1.2.2]. We merely note that increasing
though introducing a number of spurious poles, tends to improve
the localization of the dominant poles and thus the overall
accuracy; accordingly, we simply increased the number of
poles progressively until a satisfactory fit was achieved. As
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a general remark, rational approximants in the variable
with third-degree numerator and denominator (i.e.,
), were found to yield uniformly accurate results for all
examples presented below. In this connection, the matching
points were chosen as evenly spaced in the visible range.
The complex-argument error function complement in (33) was
computed using the series approximations in [48, Section 7],
[51].
retained
In all simulations, the number of beams
in the expansions was arrived at following the pragmatic stability criterion in [35], based on the insensitivity of the result
with respect to different combinations (“scramblings”) of the
beam/lattice configuration.
B. Numerical Results
The materials and parameter configurations in the examples
below were chosen to challenge the NW-GB algorithm with
nontrivial complex scattering scenarios and exaggerated crosspolarization effects. No effort was made at this preliminary stage
to relate the synthetic model to practical feasibility.
1) Example 1: Single-Layer Chiral Coating and Focused Illumination: As a first example of application, we consider a
single-layer chiral coating, described by the following constitutive tensors [42]

Fig. 3. Example 1: spectral impedances. Chiral coating as in (38), with
 = 4,  = 2,
= 0:05 ohm , d = 0:1 . Exact and second-order
spectral reactance terms in (7) in the visible range; real parts are zero due to
power conservation (lossless layer) and reciprocity. Due to symmetry, only
positive spatial frequencies are displayed. Squares, circles and triangles: exact
Z ,Z
and Z , respectively. Solid curves: 2nd-order approximations
= Z due to
(matching points at k = 0, k =2, k ). Note that Z
reciprocity. Also, note the pole singularity at k
0:25k . Zeroth-order
(Leontovich-type) approximations (not displayed) are constant and matched to
the exact impedances at k = 0.

6

0

(38)
where denotes the unit dyadic, and is the chiral admittance.
Exact and approximated IBCs (in the form as in (4)) have been
derived by Hoppe and Rahmat-Samii [22, Sec. 3.3]. Apart from
the importance of artificially synthesized chiral materials for
practical microwave and antenna applications [1], these materials furnish a convenient meaningful challenging test configuration which exhibits nonconventional reflection characteristics
with cross-polarization effects [42], modeled in terms of relatively few constitutive parameters. This renders extensive parametric calibrations computationally feasible.
The excitation in this example is a perpendicularly polarized
Gaussian-tapered tilted focusing aperture field distribution as in
(16) with
(39)
.
with the conventional focal distance defined as
, with
The aperture is assumed to be rather large
. As a consequence of the chirality-induced crosspolarization effects, the reflected field has all three Cartesian
components (via the nonzero cross-coupling term
in (14)).
The exact and approximated spectral impedance components
in (7) are displayed in Fig. 3 over the entire visible (propagating)
range, based on the parameter configuration specified in the
figure caption. For this example, as a consequence of power conservation and reciprocity [22, App. A], the impedance terms are
purely imaginary; reciprocity also dictates that
[22, App. A]. It is observed from Fig. 3 that the spectral im(correpedances exhibit pole singularities at
from the -axis).
sponding to spectral directions of about
Because of their rational structure, even the second-order IBCs

Fig. 4. Example 1: spectral reflection coefficients. Chiral coating with
parameters as in Fig. 3. Spectral reflection coefficients in (11) pertaining to
(copolar), 0
(cross-polar). Due
perpendicular-polarization incidence: 0
to symmetry, only positive spatial frequencies are displayed. (a): Magnitude;
note the different scales for copolar (left) and cross-polar (right). (b): Phase.
—— Exact; - - - Computed via 2nd-order IBCs (matching points at k = 0,
0:25k arise from complex (leaky
k =2, k ). The peaks/valleys around k
(0:247 + i0:036). For 0th-order (Leontovich-type)
wave) poles at k
IBCs (not displayed), 0
is uniformly zero, whereas 0
has unit
magnitude in the visible range and exhibits a pole singularity in the invisible
range at k
3:49k .

6

6

6

are remarkably capable of homing in on these singularities, and
provide uniformly accurate approximations. In this connection,
the choice of the three matching points (see Appendix B) was
found to be not particularly critical. As an aside, zeroth-order
(Leontovich-type) IBC approximations (not displayed) are considerably less accurate, being trivially constant and matched
; at the thereby imwith the exact spectral impedances at
and
plied normal incidence, one loses the impedance terms
which are responsible for cross-polarization. Moreover, in
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Fig. 5. Example 1: reflected fields. Chiral coating with parameters as in Fig. 3, and y -polarized Gaussian-tapered tilted focusing aperture field distribution as in
(16) and (39), with d = 20 , z = 5 ,  = 15 , = 20, = 1=(30 ) (i.e., L = 15 ). Near-zone reflected fields at z = 10 . (a), (c), (e): E , E ,
E magnitude, respectively. (b), (d), (f): E , E , E phase, respectively. —— Reference solution (spectral integration); - - - NW-UMGB synthesis with 2nd-order
IBCs (N = d=L = 50 beams)
NW-SMGB synthesis with 2nd-order IBCs (N = d=L = 50 beams);
NW-SMGB synthesis with
zeroth-order IBCs (N = d=L = 50 beams), displayed only in Figs. (c) and (d) (field is zero in all other cases). For UMGBs, the pole-residue approximation
(31) was obtained using M = 6 p; q , and matching points evenly spaced in the visible range. The number of beams N = d=L was established via the
pragmatic stability (scrambling) criterion discussed in Section IV-A.

0
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this case, the choice of the single matching point is naturally
more critical, and should be tailored to the reflection characteristics of the coating and/or to the incident field. Since no simple
rule-of-thumb can be provided, we focused on the widely used
normal-incidence (Leontovich) choice above, which provides a
reasonable indication of the average performance.
For the same parameter configuration, Fig. 4 shows the
and cross-polar
spectral reflection
copolar
coefficients for perpendicular-polarization incidence (see
(14)), computed using exact and approximate IBCs. The
two reflection coefficients (note the different scales) exhibit
(i.e., specsharp peaks and valleys around
from the -axis), which have
tral directions of about
been verified to arise from complex (leaky-wave) poles at
; this renders the chosen configuration particularly meaningful for testing the various asymptotic
reductions developed in Sections III-B1 and III-B2. It is observed from Fig. 4 that the 2nd-order IBCs yield very accurate
reflection coefficients. Moreover, although the corresponding
impedance matching points were chosen within the visible
range only (see Section IV-A and Appendix B), their effect
extends into the invisible range. As before, 0th-order IBCs
yield rather poor approximations for the reflection coefficients
(not displayed), and fail completely in predicting the cross-po, and
larization effects. Specifically, we found
having unit magnitude in the visible range and exhibiting a pole
.
singularity in the invisible range at
Concerning the reflected fields, we started with the most
, for which the interaction with
challenging case of
the coating is maximum (see Fig. 4). The three reflected field
are
components evaluated at a near-zone plane
displayed in Fig. 5. The field has a dominant co-polar
component, but cross-polarization effects are not negligible.
in
Note that for a perfectly conducting surface at
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the absence of the coating, and for the chosen parameter
configuration, the observation plane would correspond to the
focal plane. The presence of the coating modifies the reflected
field pattern, but focusing effects can still be observed. For all
three field components, the UMGB synthesis with second-order
IBCs shows excellent agreement with the reference solution;
here, any simplification in the beam asymptotics or in the IBCs
would result in significant accuracy degradation. Specifically,
SMGB synthesis with second-order IBCs gives only a reasonable
prediction of the main peak(s), but is fairly inaccurate in
the tails. Use of 0th-order IBCs yields again rather poor
predictions, which are nonzero only for the copolar component;
the approximated reflection coefficients tend to be rather flat,
with pole singularities far away from the SP. As a consequence,
no significant difference was observed between UMGB and
SMGB syntheses, and only the computationally cheaper SMGB
results are displayed [see Fig. 5(c) and (d)].
For a more quantitative accuracy assessment, Table I displays
the maximum and average values of the normalized errors
for all three field components
(40)
for the three syntheses in Fig. 5 and various incidence angles
;
denotes the reference solution. It is observed that
UMGB syntheses with second-order IBCs yield maximum
25 dB and average errors
35 dB, while SMGB
errors
syntheses are considerably less accurate. However, as the angle
(correof incidence departs from the critical value of
sponding to the peaks in the reflection coefficients in Fig. 4),
the effect of the leaky-wave poles becomes progressively less
dominant. As a consequence, UMGB and SMGB syntheses
(with second-order IBCs) tend to yield comparable accuracy.
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TABLE I
PARAMETERS AS IN FIG. 5. MAXIMUM AND AVERAGE NORMALIZED ERRORS IN (40) FOR SMGB AND UMGB SYNTHESES, FOR ZEROTH- AND SECOND-ORDER
20 RECTANGULAR REGION WHEREIN
IBCS AND FOR VARIOUS ANGLES OF INCIDENCE  . ERRORS ARE COMPUTED IN A NEAR-ZONE 20
THE FIELDS ARE SIGNIFICANTLY NONZERO, WITH  =2 SAMPLING PERIOD

2

The outcomes in Fig. 5 and Table I are indicative of the
results obtained through several hundred numerical simulations
involving different combinations of problem parameters. In
general, reasonably accurate predictions (maximum errors
20 dB and average errors
30 dB) were observed for
and distance
aperture field distributions with width
, angles of incidence
, observation distances
, and coatings with thickness
and chiral admittance
. Parameter combinations falling outside these ranges need not to be doomed to
failure a priori, but they require independent calibration.
2) Example 2: Four-Layer Complex Composite Coating and
Abruptly Truncated Illumination: As a second challenging example, we have used a four-layer coating composed of: 1) a gyrotropic material, 2) a chiral material as in (38), 3) a dielectric,
and 4) a uniaxial omega material. Referring to Fig. 1, the layers
are arranged from bottom to top, with the bottom of layer 1
backed onto the perfectly conducting plane, and the top of layer
. The gyrotropic material is described by the
4 located at
following constitutive tensors:
(41)
which are typically used to describe biased ferrites [42]. Uniaxial omega media, introduced in [52], are characterized by the
following constitutive tensors:

(42)
where the superscript denotes the transposed operator. Multilayer configurations like the one in this example have received
attention as possible candidates for reduced-reflection coatings
[6].

Numerical results for the near-zone reflected field are shown
in Fig. 6, for the parameter configuration detailed in the figure
caption. In these numerical experiments, we considered an
abruptly truncated -polarized linearly phased aperture field
, in order to emphasize
distribution as in (16) with
edge-diffraction phenomena which were negligible in the
previous example excitation. The spectral impedances and
reflection coefficients (not shown for brevity) now exhibit
a more regular (flatter) behavior than those of the previous
example in Figs. 3 and 4. Consequently, as observed from
Fig. 6, UMGB and SMGB syntheses with second-order IBCs
were found to yield almost comparable accuracies. However,
SMGB synthesis with zeroth-order IBCs still yield rather poor
predictions. Specifically, maximum and average values of the
normalized errors in (40) for UMGB syntheses were found
and
, respecto be
tively. For SMGB syntheses, we found
and
when using second-order IBCs, and
and
when using
zeroth-order IBCs. Concerning the convergence of the beam
syntheses, we found that in order to capture accurately the
truncated-aperture-induced edge diffraction phenomena, a
versus
moderate increase in the number of beams (
of the previous example) is required; this was already
observed in [35] for the case of transmission through a single
dielectric layer.
Due to the large number of parameters in this four-layer
configuration, extensive calibration was indeed prohibitive.
Nonetheless, outcomes from several hundred numerical simulations indicate that accurate syntheses (
and
) can generally be obtained providing
the spectral reflection coefficients are accurately reproduced (within one percent error) via the approximate IBCs.
Throughout, UMGB syntheses with second-order IBCs were
found to provide the best accuracy, and therefore seem to be
indicated for rather general applications. However, in particular
applications featuring more “regular” reflection characteristics,
SMGBs with second-order (and sometimes even zeroth-order)
IBCs might be a computationally cheaper viable alternative.
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Example 2: reflected fields. Four-layer coating and y -polarized abruptly truncated tilted aperture field distribution as in (16), with (x) =
, d = 20 ,
,  = 40 . Layer 1: gyrotropic material as in (41), with  = 1:2,  = 1:5,  = 2:2,  = 1:05, d = 0:04 . Layer 2: chiral material as in
= 0:025 ohm , d = 0:05 . Layer 3: dielectric material with  = 3 + i0:01,  = 1, d = 0:035 . Layer 4: uniaxial
(38), with  = 4,  = 2,
omega material as in (42), with  = 3:5 + i0:02,  = 2:5,  = 3:5 + i0:01,  = 4:4,
= 0:05 + i0:01, d = 0:04 . Layers are ordered from
bottom to top, with the bottom of layer 1 backed onto the perfectly conducting plane, and the top of layer 4 placed at z = 0 (see Fig. 1). Near-zone reflected fields
at z = 10 . (a), (c), (e): E , E , E magnitude, respectively. (b), (d), (f): E , E , E phase, respectively. —— Reference solution (spectral integration); - - NW-UMGB synthesis with 2nd-order IBCs (N = d=L = 150 beams);
NW-SMGB synthesis with second-order IBCs (N = d=L = 150 beams);
NW-SMGB synthesis with zeroth-order IBCs (N = d=L = 150 beams). All other simulation parameters as in Fig. 5.
Fig. 6.

z

= 5

0101010

111111

C. Computational Features
Typical computing times, for a single-component field
sample at a fixed observation point, are displayed in Table II.
For the reference solution (spectral integration), computing
times were found to depend almost linearly on the number
of layers in the coating. This could be expected since the
exact reflection coefficients (and thus the cascaded spectral
impedances) need to be computed at each integration point.
This is not the case for the beam syntheses based on the use of
IBCs, for which the exact cascaded impedances are computed
only once at the matching points (see Appendix B). Here,
computing times depend in a linear fashion on the number of
. As could be expected, UMGB syntheses
beams
are computationally more demanding than SMGB, due the
computation of additional terms that involve complex-argument
error functions. Overall, beam syntheses with approximate
IBCs were found to yield computing time savings ranging
from one to two orders of magnitude as compared with the
reference solution. Concerning comparison with conventional
HF techniques (e.g., physical optics), we used as a benchmark
) of our beam expansions
the continuous limit ( ,
which, as shown in Sections III-B1 and III-B2), reduces to
Kirchhoff-type integral syntheses. Referring to the examples
discussed in Section IV, we found that in order to achieve
comparable accuracy, the numerical evaluation of the Kirchhoff
integrals should be performed with a sampling rate ranging
from 10 (for Example 1) to 20 (for Example 2) points per
wavelengths. These estimates are consistent with our previous
experience in applications of (Kirchhoff)-(physical-optics)
formulations for other complex scattering scenarios [37],
[41]. By comparison, Gabor-based beam discretization thus

TABLE II
TYPICAL COMPUTING TIMES PER SINGLE-COMPONENT REFLECTED FIELD
SAMPLE AT A FIXED OBSERVATION POINT. ESTIMATES FOR THE REFERENCE
SOLUTION (FOR TWO VALUES OF THE NUMBER OF LAYERS N ) AND FOR THE
VARIOUS BEAM SYNTHESES (FOR TWO VALUES OF THE NUMBER OF BEAMS
N = d=L ), BASED ON AVERAGE RUNNING TIMES ON A 550 MHz PC.
ESTIMATES FOR UMGB SYNTHESES PERTAIN TO VALUES OF M = 6 p; q
IN THE POLE-RESIDUE APPROXIMATIONS (31)

8

turns out to be computationally about 3–4 times cheaper; this
better efficiency stems from the systematic utilization of larger
“pixels” which are also propagation-matched.
V. CONCLUSION
A Gabor-based narrow-waisted (NW) Gaussian beam (GB)
algorithm has been utilized here to determine the 2-D time-harmonic scattering of finite-aperture-generated EM fields by
planar conducting surfaces coated with multiple layers of
homogeneous bi-anisotropic media described by higher-order
impedance boundary conditions (HOIBCs). To the best of our
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knowledge, large-aperture localized (including focusing and
abruptly truncated) illuminations have not been considered
previously in the HOIBC literature, nor has the combined use
of HOIBCs and Gabor-based NW-GB algorithms.
Various beam syntheses based on zeroth- and second-order
IBCs, have been derived via conventional (nonuniform) and
modified (uniform) complex-source-point paraxial asymptotics,
and have been validated and calibrated against a rigorously
based numerical brute-force-evaluated reference solution.
Numerical results for the reflected fields, pertaining to complex
multi-layer coatings under focusing and abruptly truncated
illuminations, indicate that the proposed beam algorithm is
able to furnish accurate and computationally efficient solutions
for this complex propagation environment, over a range of
calibrated combinations of the problem parameters. Performance comparisons have also been made with direct numerical
evaluation of Kirchhoff-type integral representations.
One of the potential uses of the NW-GB algorithm is as an
efficient solver for wave scattering problems arising in analysis
and control of radar signatures. In this connection, we are
currently working on extending the present formulation to
accommodate smooth nonplanar objects and slowly varying
transverse inhomogeneities. In such scenarios, the exciting
aperture field distribution in Fig. 1 would be replaced by an
equivalent physical-optics-like current distribution placed onto
the illuminated portion of the scatterer, and a locally planar
approximation would be invoked to apply adiabatically the
formulations derived in the present paper. Other worthwhile
extensions include fully 3-D scenarios, and pulsed excitations.
APPENDIX A
SYMMETRY RELATIONS FOR ZEROTH- AND SECOND-ORDER
IMPEDANCE BOUNDARY CONDITIONS
As mentioned in Section II-B, the assumed rotational symmetry in the coating yields a number of constraints relating the
in the HOIBCs (4). One finds [22, Appendix
coefficients
B]
(43)
(44)
It follows that the number of independent coefficients to be determined is two for zeroth-order
IBCs, and ten for
second-order
IBCs.
APPENDIX B
HOIBC DERIVATION
In [22], a systematic approach was introduced for deriving
HOIBCs for planar and curved coatings consisting of single
layers of homogeneous dielectric or chiral media. This approach
has subsequently been extended in [29], [31], [32] to accommodate arbitrary combinations of inhomogeneous (in the direction normal to the boundary) dielectric layers and homogeneous
bianisotropic media, The approach is based on the derivation of
exact spectral domain IBCs which, for a large class of materials,
can be obtained analytically. For the case of bianisotropic multi-
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layers, the exact IBCs are computed in each layer via decomposition of the fields in terms of characteristic waves, and are subsequently cascaded (see [31, Section 2.1] for details). Such exact
spectral IBCs are then approximated in terms of finite-order rational functions of the spectral variable(s) (in our case ) via
a point-matching procedure (see [22, Section 3.1.2], [31, Appendix B] for details), yielding the approximate relations in (7)
or their spatial-domain counterpart in (4). In this connection,
symmetry considerations are exploited to reduce the number of
to be determined via point-matching (see Apcoefficients
pendix A). For zeroth-order (Leontovich-type) IBCs, the two
unknown coefficients (see Appendix A) are usually determined
by matching the exact and approximate impedances at normal
. For second-order IBCs, three matching
incidence
points are used to compute the ten unknown coefficients (see
,
, and , so as
Appendix A). Typical values are
to span the entire visible range. Extension of these canonical
HOIBCs to accommodate smooth nonplanar objects and slowly
varying transverse inhomogeneities can be pursued via consistent use of locally planar [22], [31] or locally cylindrical [22],
[32] approximations, which result in position-dependent
coefficients. Abrupt variations or discontinuities in the coating
parameters can also be accommodated in principle, at the expense of enforcing additional constraints [53]. Moreover, for the
assumed rotationally symmetric coatings, extension to the full
3-D case follows trivially via simple symmetry considerations
[22].
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