


IEEE TRANSACTIONS ON ANTENNAS AND PROPAGATION, VOL. ??, NO. ??, ?? 2019 10

�����������������	
�
����

���
���

���
���

����

�������

�������

�������

�

�����

�����

�����

�
����

��� �� ��

������

�����

��

���

����

�����

�
����

�
����

���
���

���
���

����

�������

�������

�������

�

�����

�����

�����

�������� ��������
����� ����� ����� �� ������ ������ ������

�
�	��

�������� ��������
����� ����� ����� �� ������ ������ ������

�
����

�������� ��������
����� ����� ����� �� ������ ������ ������

Fig. 10. Stability analysis. Geometry and parameters as in Fig. 7, with dispersive permittivity models as in (18) and (19), so as to satisfy the nominal design
condition the center radian frequency ωc . The core (lossy) relative permittivity is obtained from (19), with ε1 = 11.305, ω0 = ωc , ωp = 0 .274ωc and
� = 0 .1ωc . The shell (gain) relative permittivity is obtained from (18), with εh = 1 .125, ωa = ωc = 2 πc/λa (with λa = 777 nm), �ω a = 2 πc�λ a/λ2

a
(with �λ a = 56 nm), σa = 6 πc3η/

�
τ21ω2

a
√
εh

�
(with η = 0 .48), �N0 = 6 .1 · 1018 cm�3 , τ21 = 50 ps, τ10 = 100 fs, τ32 = 100 fs, � p = 1 .536× 109

s�1 . (a)-(f) Magnitude (square) of scattering coefficients |cm |2 , over the complex ω plane, for multipolar orders m = 0, 1, ...,5, respectively. The complex
radian frequency is normalized by its center value ωc , at which the nominal design is attained. Note that the poles are all in the lower half-plane Im (ω ) < 0.

APPENDIX B
DETAILS ON THE SYNTHESES IN SEC. IV

The basic principle underlying our syntheses in Sec. IV
is to numerically optimize the geometrical and constitutive
properties so as to maximize selected scattering coefficients
and possibly enforce some conditions in the scattering pattern.

For instance, in the example of Fig. 6, we assumed the core
and shell regions made of gain and loss materials, respectively,
and minimized the cost function

Jc
(
β
)

=
2∑

m=0

jcmj−2 , (23)

where β =
[
Ri, Re, εe, ε

′
i, ε
′′
i,0, ε

′′
i,1, ε

′′
i,2

]
is the parameter

vector, with each of the scattering coefficients cm computed by
assuming a different gain level ε′′i,m. For the geometrical and
constitutive parameters, we assumed the following constraints:
0.1λ < Ri < 3λ, 0.5λ < Re < 3λ (with Ri < Re), 0.1 <
ε′e < 6, 0.01 < ε′′e < 2, 0.1 < ε′i < 5, �1.1 < ε′′i < �0.01.

For the example in Fig. 7 (zero forward scattering), we
minimized the cost function

Jc
(
β
)

= α0Ws (0) + α1

(
jc0j−2 + jc1j−2

)
+ α2

6∑
m=2

jcmj2 ,

(24)

with the parameter vector β = [Ri, Re, εi, εe] and weight
coefficients α0 = 1, α1 = 0.05, α2 = 0.01. In this case
the idea is to minimize the forward scattering while ensuring
the dominant character of the two lowest multipolar orders.
In this and the following examples, we assumed the core and
shell regions made of loss and gain materials, respectively, as
this configuration was generally found less prone to instability.
Moreover, we assumed throughout the following constraints
for the constitutive parameters: 1 < ε′i < 12, 0.1 < ε′′i < 3,
0.1 < ε′e < 5, �2 < ε′′i < �0.01. Finally, we also
enforced some constraints in the strength of the scattering
coefficients (jcmj � 10) so as to sufficiently detune the spectral
singularities associated with the dominant orders, and thus
favor stability (see the discussion in Sec. IV-C).

Along the same lines, for the example in Fig. 8 (transverse
scattering), we minimized the cost function

Jc
(
β
)

= α0 [Ws (0) +Ws (π)] +
α1

Ws

(
π
2

)
+α2

(
jc0j−2+jc2j−2

)
+α3

(
jc1j2+

6∑
m=3

jcmj2
)
,(25)

with weight coefficients α0 = α1 = 1, α2 = 0.05, α3 = 0.01.
The only differences with respect to (24) are the presence of a
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further condition to penalize the backward scattering and the
dominance of the m = 0, 2 multipolar orders.

Finally, for the example in Fig. 9 (pattern reconfigurability),

Jc
(
β
)

= Ws0 (0) +Ws1

(π
6

)
+Ws2

(π
3

)
, (26)

with the parameter vector β =
[
Ri, Re, εi, ε

′
e, ε
′′
e,0, ε

′′
e,1, ε

′′
e,2

]
,

with each of the scattering widths Wsν computed by assuming
a different gain level ε′′e,ν .

For the minimization of the cost functions in (23)–(26),
we followed the approach already successfully utilized in
[69], relying on the NMinimize function in Mathematica
[56], which implements a combination of the Nelder-Meald
(simplex) and differential-evolution unconstrained optimiza-
tion algorithms. To cope with the inherent nonlinear character
of the minimization problem, we implemented a synthesis
strategy that explores different regions of the search-space via
randomly re-initialization the initial guess across a reasonable
parameter range. Accordingly, we enforced the parameter
constraints in a soft fashion, via suitable choices of the initial-
guess parameter ranges, with a posteriori verification.
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