
900 and GSM1800/1900/UMTS operations, respectively. Good
radiation characteristics for frequencies over the operating bands
have also been obtained. Detailed effects of the coplanar coupling
feed on the antenna performances have also been analyzed.
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ABSTRACT: In coordinate-transformation-based approaches to elec-
tromagnetic concealment (“cloaking”) of objects, use of higher-order
(quadratic) mappings has been proposed as an effective device to obtain
satisfactory responses without the use of magnetic materials that are
complicated to synthesize at optical frequencies. In this article, we ex-
plore a new higher-order algebraic transformation, which allows, in
principle, for a broader range of applicability and further parametric
optimization. Via full-wave numerical studies of near- and far-field observ-
ables, we assess its performance by comparison with various reference
cases (nonreduced parameters, quadratic transformation, no cloak). © 2008
Wiley Periodicals, Inc. Microwave Opt Technol Lett 50: 3186–3190, 2008;
Published online in Wiley InterScience (www.interscience.wiley.com).
DOI 10.1002/mop.23905

Key words: electromagnetic cloaking; transformation optics; metamate-
rials; scattering

1. INTRODUCTION

During the past few years, transformation optics [1–3] has
emerged as one among the most promising and active fields in
optical and materials engineering, with the perspective of offering
unprecedented control in the electromagnetic (EM) response of
devices and components. Among the most exciting developments,
besides the celebrated “invisibility cloaking” [4], it is worth men-
tioning “wormholes” [5], concentrators [6, 7], rotators [8], direc-
tive radiators [9], and optical devices [10–13].

1.65 1.75 1.85 1.95 2.05 2.15 2.25

Figure 12 Measured antenna gain and simulated radiation efficiency for
the proposed PIFA. (a) The lower band for GSM850/900 operation. (b) The
upper band for GSM1800/1900/UMTS operation. [Color figure can be
viewed in the online issue, which is available at www.interscience.wiley.
com]
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The basic underlying idea is to design the desired field behavior
in a fictitious space with a suitable (nonflat) topology, and then
exploit the formal invariance of Maxwell’s equations under coor-
dinate transformations to interpret such a behavior in a conven-
tional flat, Cartesian space filled by a suitable anisotropic, spatially
inhomogeneous material which embeds the coordinate-transforma-
tion effects. For instance, in the cloaking application [14], where
one is interested in rendering a volume of space “effectively
invisible” to the impinging radiation, one starts from a fictitious
space which contains a “hole.” The great interest toward this
cloaking strategy (see [15–22] for a sparse sampling of alternative
approaches) is motivated by the rapid advances in the engineering
of “metamaterials,” with precise control of anisotropy and spatial
inhomogeneity, which have recently allowed its experimental
demonstration at microwave frequencies [4]. Moreover, exact full-
wave studies [23, 24] have demonstrated that this approach is
capable, in principle, of yielding perfect cloaking (i.e., zero exter-
nal scattering and zero transmission into the concealment volume),
though with strong sensitivity, with respect to perturbations [25]
and simplifications/reductions [26] in the material parameters, and
narrow bandwidth [27].

Recently, within the framework of scaling the above cloaking
approach to optical frequencies [28], it was pointed out that the
required magnetic properties of the metamaterial to be synthesized
would pose significant technological challenges. Accordingly, an
alternative approach was proposed [29], based on the use of a
nonmagnetic material. Such an approach, capitalizing on the in-
herent arbitrariness in the choice of the coordinate-transformation,
utilized a higher-order (quadratic, instead of linear [14]) mapping,
with an additional degree of freedom which was exploited to
enforce the impedance matching at the cloak interface with free
space, thereby reducing the total scattering.

In this article, we elaborate on this idea, exploring a more
general high-order optical transformation which allows, in princi-
ple, for a broader range of applicability and a further degree of
freedom to optimize the response.

2. PROBLEM STATEMENT

Figure 1 illustrates the problem schematic in the associated Car-
tesian (x, y, z) and cylindrical (r, �, z) coordinate systems. We
consider a two-dimensional (2D) z-invariant scenario with a per-
fect electric-conducting (PEC) circular cylinder of radius R1 sur-
rounded by a cloaking shell of inner and outer radii R1 and R2,

respectively, in free space. We assume an incident plane wave
along the positive x-direction, with time-harmonic (exp(� � t))
dependence and transverse-magnetic (TM) polarization (magnetic
field parallel to the cylinder). (Similar results can be obtained for
the transverse-electric polarization, considering �z, �r, and �� as
the relevant constitutive parameters.)

A simple way to achieve cloaking is to define a cylindrical
coordinate transformation r � g(r’), from (r’, �, z) to (r, �, z),
which compresses the cylindrical region r’ � R2 into a concentric
annulus R1 � r � R2 (i.e., satisfies the boundary conditions g(0) �
R1, g(R2) � R2). From the Jacobian matrix of the transformation,
the constitutive parameters of the cloaking shell can readily be
derived in terms of relative permittivity and permeability tensors
[2, 14]. For the TM polarization, the relevant components (in
cylindrical coordinates) are given by [29]

�r�r� �
r�

r

dg�r��

dr�
, ���r� �

1

�r�r�
, �z�r� �

r�

r �dg�r��

dr� ��1

, (1)

where r’ � g�1(r) (with g�1 denoting the inverse mapping). In
[29], a quadratic transformation was proposed (instead of the linear
one in [14]),

g�r�� � �1 �
R1

R2
	 p�r� � R2�� r� 	 R1, (2)

and a set of reduced nonmagnetic parameters was derived from (1)
by multiplying �r and �� by�z , yielding

�r�r� � � r�

r �
2

,���r� � �dg�r��

dr� ��2

,�z � 1. (3)

(The underlying motivation is to preserve the ray trajectories
inside the cloaking shell.) The extra degree of freedom p available
in the quadratic transformation (2) was exploited to enforce the
impedance-matching condition at the interface r � R2,

� �z

���R2�
�

dg�r��

dr�
�

r��g�1�R2�

� 1, (4)

yielding p � R1/R2
2 . Note that, to ensure the monotonicity of the

transformation, the cloak “shape-factor” R1/R2 is restricted to
values � 0.5. Here, we propose an alternative higher-order alge-
braic transformation,

g�r�� � � �R2

 � R1


�� r�

R2
�

1
�

	 R1

�

1



, (5)

and explore to what extent its more complex structure and the two
parameters available (
 and � ) can be exploited to broaden the
range of applicability and optimize the response. Note that, like the
quadratic transformation in (2), the proposed transformation in (5):
(i) satisfies (for � � 0) the required boundary conditions, and (ii)
it yields perfect cloaking if the nonreduced constitutive parameters
(1) are utilized [7]. However, unlike (2), the transformation in (5)
is always monotonic (for 
 � 0), regardless the cloak shape-factor
R1/R2. Enforcing the impedance-matching condition in (4) yields a
relationship between the two parameters 
 and � and the shape-
factor,

cloak

y

iH

iE

x

φ

PEC cylinder

sampling circle

r
2R

1R

Figure 1 Problem schematic (details are discussed in the text)
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� �
1


�1 � �R1

R2
� 
� , (6)

which still leaves a free parameter for further optimization. In the
following sections, we illustrate the results from a comprehensive
parametric study, varying the cloak shape-factor and the transfor-
mation parameters.

3. REPRESENTATIVE RESULTS

To solve the EM scattering problem, we use a full-wave finite-
element-method (FEM) commercial software [30] capable of han-
dling anisotropic, inhomogeneous materials. In all simulations
below, the PEC cylinder (and cloak inner-) radius R1 is kept
constant (as in [29]) to a value R1 � 0.98�0 (with �0 denoting the
free-space wavelength; the reference frequency value in all simu-
lations is 2 GHz). The cloak shape-factor R1/R2 is varied from 0.3
(comparable to that in [29]) to 0.8.

As a compact meaningful observable of the scattering response,
we consider the total scattering cross-section per unit length [20],
which can be readily derived from the Bessel–Fourier expansion of
the scattered magnetic field

Hz
�s��r,�� � �

m��	

	

� � ��mcmHm
�2��k0r�exp��m��, (7)

as

Qs �
4

k0
�

m��	

	

�cm�2. (8)

In (7) and (8), cm denote the Bessel–Fourier expansion coeffi-
cients, Hm

�2� is the mth-order Hankel function of the second kind
[31], and k0 � 2/�0 denotes the free-space wavenumber. The
expansion in (7) is derived via point-matching of the FEM full-
wave solution on a near-zone circle of radius 6�0 (see Fig. 1), with
truncation dictated by spatial-bandwidth considerations [32].

Figure 2 shows the Qs response (normalized with respect to the
free-space wavelength) of the proposed nonmagnetic cloak as a
function of the parameter 
 (with � given by the impedance-
matching condition (6)), for different values of the shape-factor
R1/R2, together with the reference level pertaining to the PEC
cylinder alone (i.e., without any cloak). It is observed that, al-
though the impedance at the interface between the cloak and
free-space is always matched (in view of (6)), the response can
vary significantly with the parameter
 . Interestingly, the curves
exhibit similar trends, with well-defined minima for specific values
of 
 . As the shape-factor increases, the minima tend to become
broader and to move toward negative values of 
 . Moreover, the
optimal values of Qs tend to increase. This can be intuitively
expected in view of the reduced thickness of the cloak, which
renders less effective the waveguiding of energy around the PEC
cylinder. Nevertheless, for shape-factors up to R1/R2 � 0.7, one
still observes a total scattering cross-section about an order of
magnitude smaller than in the absence of the cloak, and, even in
the particularly challenging R1/R2 � 0.8 case, a reduction of about
a factor 4 is achieved.

In Table 1, the minimum values Qs
�min�/�0 are reported and

compared, whenever possible, with the corresponding reference
values Qs

�ref�/�0 obtained using the quadratic transformation (2) (cf.
[29]). (For the quadratic transformation, the value pertaining to R1

� R2 � 0.5 was actually computed at R1 � R2 � 0.499 in order
to ensure the monotonicity.) Once again, it is emphasized that the
proposed cloak is not restricted to shape-factors R1/R2 � 0.5.
Moreover, within the range of applicability of the quadratic trans-
formation, it always yields moderately smaller values of Qs, with
reduction factors ranging from 1.6 to 1.2.

To complete the parametric study, we also looked at the near-field
distribution. Figure 3 shows the radial component of the FEM-com-
puted Poynting vector on a circle of radius 6�0 (see Fig. 1), for the
proposed cloak with nonreduced (cf. (1)) and nonmagnetic (cf. (3),
with 
 chosen so as to minimize the total scattering cross-section, and
� given by (6)) parameters, as well as for the PEC cylinder alone, as
a function of the observation angle � , for various values of the
shape-factor R1/R2. (In our simulations, we chose 
 � 3 and �
� 2 , but any arbitrary combination of parameters should work in the
nonreduced case.) All scattering patterns are normalized with respect
to the response maximum of the PEC cylinder alone. Note that the
nonzero, albeit very small, scattering response of the ideal cloak with
nonreduced parameters is attributable to the inherently limited preci-
sion of the full-wave FEM solver.

Similar observations as for the far-field case can be made.
When compared with the PEC cylinder alone, a reduction in the
scattering response is always achieved for all the shape-factors and
observation directions, ranging from about an order of magnitude
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Figure 2 Total scattering cross-section per unit length (scaled to the
free-space wavelength) for the proposed nonmagnetic cloak (with R1 �
0.98�0), as a function of the parameter 
 , for various values of the
shape-factor R1/R2. Squares: R1/R2 � 0.3; circles: R1/R2 � 0.4; triangles:
R1/R2 � 0.5; inverted triangles: R1/R2 � 0.6; diamonds: R1/R2 � 0.7; stars:
R1/R2 � 0.8. As a reference, the dashed line indicates the value pertaining
to the PEC cylinder alone (i.e., no cloak)

TABLE 1 Minimum (Over �)Total Scattering Cross-Section
per Unit Length Qs

(min)/�0 (Scaled to the Free-Space
Wavelength) for the Proposed Nonmagnetic Cloaking,
Compared With the Reference Value Qs

(ref) Obtained Using the
Quadratic Transformation [29], for Various Values of the
Shape-Factor

R
1
/R2 Qs

�min�/�0 Qs
�ref�/�0

0.3 0.238 0.387
0.4 0.268 0.382
0.5 0.322 0.379
0.6 0.412 –
0.7 0.660 –
0.8 1.173 –
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(for R1/R2 � 0.7) to nearly a factor of 4 (for R1/R2 � 0.8, in most
directions).

From the above results, the proposed higher-order nonmagnetic
cloak turns out to be satisfactorily applicable to a fairly broad
range of shape-factors.

4. CONCLUSIONS

In this article, we have dealt with the study of a higher-order
optical transformation for 2D nonmagnetic cloaking. Via full-wave
studies of the near- and far-field responses, we have explored its
range of applicability, addressed its parametric optimization, and
assessed its performance, by comparison with various reference
cases (nonreduced parameters, quadratic transformation, PEC cyl-
inder alone). Overall, the proposed cloak turns out to provide

sensible reductions in the scattering response over a rather wide
parametric range.

We stress that no attempt was made at this stage to deal with
actual fabrication-oriented issues. In this connection, some tech-
nological challenges could be expected for higher values of the
shape-factor (i.e., thinner cloaking shells), in view of the possibly
strong permittivity gradients that could be required.

Current and future investigations are aimed at the exploration
of different higher-order transformations, also for other applica-
tions (e.g., hyperlenses).
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Figure 3 Radial component of the near-zone (r � 6�0 ) Poynting vector for the proposed nonmagnetic cloaking (with 
 chosen so as to minimize the total
scattering cross-section, and � given by (6)) for various values of the shape-factor R1/R2 (black continuous curves). (a) R1/R2 � 0.3; (b) R1/R2 � 0.4; (c) R1/R2

� 0.5; (d) R1/R2 � 0.6; (e) R1/R2 � 0.7; (f) R1/R2 � 0.8. Also shown, as references, are the responses pertaining to the PEC cylinder alone (red dashed curves),
and the nonreduced-parameter cloaking with 
 � 3 and � � 2 (blue dotted curves). All curves are normalized with respect to the response maximum of the
PEC cylinder alone. [Color figure can be viewed in the online issue, which is available at www.interscience.wiley.com]
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ABSTRACT: In this letter, an experimental validation of percolation-based
approaches for the prediction of wave propagation in random media is pre-
sented. Measurements are collected in a real controlled environment, where the
obstacles are stochastically placed in a two-dimensional grid according to a
known nonuniform density distribution. The obtained results show that, in spite
of their simplicity, percolation-based approaches can be applied in real
propagation problems. © 2008 Wiley Periodicals, Inc. Microwave
Opt Technol Lett 50: 3190 –3192, 2008; Published online in Wiley
InterScience (www.interscience.wiley.com). DOI 10.1002/mop.23937

Key words: percolation theory propagation; stratified random media;
electromagnetic propagation; experimental validation

1. INTRODUCTION

The prediction of e.m. propagation in disordered distributions of
obstacles is a challenging research topic [1]. A possible approach
to such a topic consists of modeling the propagation environment
by means of a percolation lattice [2] and describing the propaga-
tion through a stochastic process. This allows one to obtain ana-
lytical closed-form solutions that describe the average properties
of the e.m. propagation [3, 4]. With reference to the far-external
source scenario and under the assumption that the obstacles are
nonuniformly distributed, this letter is aimed at presenting the
results of an experimental validation performed in a real controlled
environment to validate the percolation-based solutions [5, 6].

2. SETUP

The experiments have been carried out in an anechoic chamber,
6 m long, 3 m wide, and 4 m high, available at the ELEDIA
laboratory. Sketch and wide-angle shot of the experimental setup
are given in Figures 1 and 2, respectively. A 2 m-sided square area
has been partitioned in K � 10 rows, each one containing I � 10
cells. Obstacle were polystyrene cylinders with square section (0.2
m 
 0.2 m), 2 m high, lined with a metallic film. The transmitting
device, aimed at modeling the e.m. source, was an Oritel ANC
100/15 dB pyramidal horn antenna whose dimensions have been
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