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Abstract—We present a simple prototype study of electromagnetic
radiation by a one-dimensional quasiperiodic Fibonacci-type array laid
on a grounded dielectric slab, extending our previous free-space studies.
Analytic parameterization of the interaction between aperiodic-orderinduced “quasi-Floquet” waves and slab-induced surface/leaky-waves
is addressed, for inﬁnite and truncated arrays, via generalized Poisson
summation and uniform asymptotics. Accuracy and computational
eﬀectiveness of the proposed parameterizations are assessed via
numerical comparisons against an independently-generated reference
solution (element-by-element synthesis).

1. INTRODUCTION AND PROBLEM FORMULATION
In a series of recent investigations [1–4], we studied the freespace radiation and scattering of electromagnetic (EM) waves by
aperiodically-ordered structures.
The interest in this type of
geometries, intrinsically tied with the concept of “quasicrystals” in
solid-state physics, is motivated by their growing relevance in many
ﬁelds of science and technology (see [5] for a recent review on the
subject, and [6] for an up-to-date bibliography database).
A major focus in our investigation is the analytic parameterization
of aperiodic-order-induced wave phenomenologies, via extension and
generalization of typical concepts and tools utilized in the study of
periodic structures. In this framework, we studied in [2] the EM
radiation from a class of one-dimensional (inﬁnite and truncated)
arrays based on Fibonacci-type sequences [7], which constitute one
of the simplest paradigms of quasiperiodic order (see, e.g., [8] for
an application to multilayer structures). Capitalizing on certain
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results from solid-state physics [7], we were able to derive a
physically-insightful and computationally-eﬀective parameterization of
the radiated ﬁeld in terms of “quasi-Floquet” (QF) waves, based on a
generalized Poisson summation formula, thereby extending the studies
carried out by Felsen and co-workers for strictly-periodic and weaklyaperiodic arrays (see, e.g., [9–11]) to a more general aperiodic scenario.
In this paper, we go one step further: Paralleling the study in [12],
we address the analytic parameterization of the interaction between
quasiperiodic-order-induced QF waves and the surface/leaky waves
supported by a grounded dielectric slab. Referring to the geometry
depicted in Fig. 1, we begin considering an inﬁnite phased array of
y-directed line sources placed at abscissas xn on the surface z = 0 of a
homogeneous dielectric slab of thickness b and relative permittivity r ,
backed by a perfectly electric conducting (PEC) plane. The relevant
current distribution, with implicit time-harmonic exp(jωt) excitation,
is modeled by
J(x) =

∞


δ(x − xn ) exp (−jηk0 xn ) ,

(1)

n=−∞

√
where k0 = ω 0 µ0 = 2π/λ0 is the free-space wavenumber (with
λ0 being the wavelength), and −1 ≤ η ≤ 1 describes the interelement phasing. As in [2], the element position sequence {xn }∞
n=−∞
is restricted to two possible inter-element spacings d1 and d2 ≤ d1 (see
Fig. 1), and is chosen according to the modiﬁed-Fibonacci rule [7],
n
 n 

 
 
(2)
xn = d1   + d2 n −   ,
τ
τ
where · denotes the nearest-integer,

n,
n ≤ x < n + 12 ,
(3)
x =
n + 1,
n + 12 ≤ x ≤ n + 1,
√
and τ ≡ (1 + 5)/2 is the Golden Mean. The modiﬁed-Fibonacci
sequence in (2) is a generally quasiperiodic sequence, which can also
be generated via cut-and-project schemes or substitution rules (see
[2, 7] and the references therein for more details as well as possible
extensions/generalizations). Such sequence includes as special cases
the periodic (d1 = d2 ) and standard Fibonacci (d2 = d1 /τ ) cases.
Following [2], it is expedient to parameterize the sequence in (2)
in terms of the average spacing dav (in the inﬁnite-sequence limit) [7]
dav =

τ d1 + d2
1+τ

(4)
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and the scale ratio ν = d2 /d1 , expressing d1 and d2 as
d1 =

(1 + τ )
dav ,
(ν + τ )

d2 = νd1 , 0 < ν ≤ 1.

(5)

Paralleling [12], the goal of this investigation is to study the radiated
ﬁeld distribution into the halfspace z > 0. Attention is restricted to the
y-directed electric ﬁeld U (r, θ), which can be expressed via element-byelement superposition as

U (r, θ) =
Un (Rn , θn ) exp (−jηk0 xn ) .
(6)
n

In (6), which throughout the paper will be used as a reference solution,
Un (Rn , θn ) denotes the ﬁeld radiated by a nonphased line-source
located at xn (see Fig. 1) in the presence of the grounded dielectric
slab (see Appendix A for a uniform asymptotic approximation), and
the summation includes all the line-source elements. In what follows,
starting from the background results in free space [2], an alternative
parameterization will be presented, based on Poisson-summation-type
concepts.
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Figure 1. Problem schematic: An inﬁnite (or semi-inﬁnite) phased
array of y-directed line sources is located on top of a PEC-backed
dielectric slab with relative permittivity r and thickness b. The
element distribution xn , which features only two possible inter-element
spacings d1 and d2 ≤ d1 , is chosen according to the modiﬁed-Fibonacci
sequence in (2). Also shown are the global (r, θ) and local (Rn , θn )
polar coordinate systems utilized.
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2. BACKGROUND: FIBONACCI-TYPE ARRAYS IN
FREE SPACE
In [2], based on certain results in [7], it was shown that the current
distribution in (1) can be recast as
1
J(x) =
dav

∞


Sq1 q2 exp (−jkxq1 q2 x) ,

(7)

q1 ,q2 =−∞

where dav is deﬁned in (4), and the amplitude coeﬃcients Sq1 q2 and
spatial frequencies kxq1 q2 are given by
Sq1 q2 =

sin Wq1 q2
π(1 + τ )(q1 − q2 ν)
, Wq1 q2 =
,
W q1 q2
ν+τ
kxq1 q2 = k0 η +

2π (q1 + q2 τ )
.
dav (τ + 1)

(8)

(9)

The main results and observations in [2], which represent the starting
point for the present investigation, can be summarized as follows.
• Equation (7) represents a generalized Poisson summation formula
(GPSF), which applies to the general quasiperiodic modiﬁedFibonacci array in (2), and reduces to the standard Poisson
summation [13] for the special case of periodic arrays (d1 = d2 ,
i.e., ν = 1).
• The GPSF generally entails a (q1 , q2 )-indexed double inﬁnity of
pairwise-incommensurate spatial frequencies kxq1 q2 which depend
only on the average inter-element spacing dav and phasing k0 η.
The scale-ratio ν aﬀects (via Wq1 q2 ) the amplitude coeﬃcients
Sq1 q2 in (8). The spatial spectrum is periodic if and only if the
scales d1 and d2 are commensurate.
• As for the periodic case (see, e.g., [9–11]), the GPSF can be
exploited to eﬃciently parameterize the radiation by Fibonaccitype quasiperiodic arrays in free space. The degree of freedom in
the choice of the scale-ratio ν can be exploited to control certain
radiation characteristics (e.g., secondary beams).
3. FIBONACCI-TYPE ARRAYS ON DIELECTRIC
SUBSTRATES
3.1. Inﬁnite Arrays
In the presence of the PEC-backed dielectric slab, the y-polarized
electric ﬁeld radiated into the z > 0 halfspace by the quasiperiodic
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modiﬁed-Fibonacci current distribution J(x) in (1) (or its GPSFequivalent in (7)) can be synthesized via straightforward plane-wave
representation in terms of the spectral integral [14, Sec. 5.6]
 ∞
1
ˆ x )Ẑ(kx ) exp [−j (kx x + kz z)] dkx .
(10)
J(k
U (x, z) = −
2π −∞

In (10), kx and kz = k02 − kx2 , Im(kz ) ≤ 0, are the x- and z-domain
ˆ x ) denotes the spatial Fourier
wavenumbers, respectively, and J(k
transform (plane-wave spectrum) of J(x), which, applying the GPSF
in (7), yields

ˆ
J(kx ) =

∞

2π
J(x) exp (jkx x) dx =
d
av
−∞

∞


Sq1 ,q2 δ (kx − kxq1 q2 ) . (11)

q1 ,q2 =−∞

Here and henceforth, the caretˆ denotes plane-wave spectral quantities.
Moreover, in (10), the spectral impedance


2
2
k0 r − kx b
jωµ0 tan


(12)
Ẑ(kx ) = 
k02 r − kx2 + jkz tan
k02 r − kx2 b
accounts for the slab-loading eﬀects [14, Sec. 5.6]. Thanks to the Diracdelta-comb structure of its integrand (cf. (11)), the spectral integral in
(10) can readily be computed in closed form, yielding a QF plane-wave
representation, which can be recast in the (r, θ) coordinate system (see
Fig. 1) as
∞


U (r, θ) =

Sq1 q2 UqQF
(r, θ),
1 q2

(13)

q1 ,q2 =−∞

UqQF
(r, θ) = −
1 q2

Zp (Θq1 q2 )
exp [−jk0 r cos (Θq1 q2 − θ)] .
dav

(14)

In (14), the spectral mapping kx = k0 sin Θ has been introduced, so
that
Zp (Θ) = Ẑ(k0 sin Θ)

(15)

denotes the “pattern function” associated with the slab-loading, and
Θq1 q2 = arcsin

kxq1 q2
k0

, Im (Θq1 q2 ) ≤ 0

(16)
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denote the QF wave spectral directions related to the x-domain
The electric ﬁeld in (13) is thus
wavenumbers kxq1 q2 in (9).
synthesized in terms of an inﬁnity of amplitude-modulated (via (15))
propagating (|kxq1 q2 | < k0 ) QF plane waves with arrival directions
Θq1 q2 , corresponding to the summation indexes (see [2] for details)
q1
±
τ

q2 ≶ −

(1 ∓ η) (1 + τ )
,
τ

dav
λ0

(17)

plus an inﬁnity of evanescent (|kxq1 q2 | > k0 ) QF plane waves.
Evanescent QF waves yield negligible contributions at observation
points far from the array plane. However, for truncated arrays (see
below), they originate propagating diﬀracted ﬁelds that need to be
taken into account.
3.2. Truncation Eﬀects
As for the free-space case [2], radiation from the semi-inﬁnite (n ≥ 0)
version of the array in (1) can be parameterized in terms of a truncated
QF wave superposition,
∞


UT (r, θ) =

Un (r, θ) exp (−jηk0 xn )

n=0
∞

U0 (r, θ)
Sq1 q2 UqT1 q2 (r, θ),
+
2
q ,q =−∞

=

1

(18)

2

by using the one-sided version of the GPSF (which generalizes the
results in [13]). In (18), U0 (r, θ) is the electric ﬁeld radiated by a line
source located at x = 0 (see Appendix A for a uniform asymptotic
approximation), whereas the expansion in terms of truncated QF
wave propagators UqT1 q2 stems from the spectral integral in (10) by
ˆ x ) in
considering, instead of the inﬁnite-array current spectrum J(k
(11), the truncated-array current spectrum

JˆT (kx ) =
0

∞

j
J(x) exp (jkx x) dx =
dav

∞

q1 ,q2

Sq 1 q 2
.
k − kxq1 q2
=−∞ x

(19)

Accordingly, the truncated QF propagators in (18) are synthesized as
UqT1 q2 (x, z) =

1
2πjdav



∞

−∞

Ẑ(kx )
exp [−j (kx x + kz z)] dkx . (20)
kx − kxq1 q2
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It is expedient to rewrite the integrand in (20) by using
Ẑ(kxq1 q2 )
Ẑ(kx ) − Ẑ(kxq1 q2 )
Ẑ(kx )
=
+
,
kx − kxq1 q2
kx − kxq1 q2
kx − kxq1 q2

(21)

so as to separate the singularities induced by quasiperiodicity (QFwave pole at kx = kxq1 q2 , in the ﬁrst term in the right hand side of
(21)) from those induced by the slab-loading (branch-point at kx = k0
plus surface/leaky-wave poles [14, Sec. 5.6], in the second term in the
right hand side of (21)). By introducing the canonical complex-plane
mapping kx = k0 sin Θ (which eliminates the branch-point singularity
[14, Sec. 5.6]), and for large observation distance (k0 r  1), the
two arising integrals can be approximated via uniform saddle-point
asymptotics (ﬁrst-order saddle-point nearby a simple† pole singularity
[14, Sec. 4.4a]), yielding
UqT1 q2 (r, θ) = Fq1 q2 (r, θ) + Gq1 q2 (r, θ).

(22)

The ﬁrst term on the right hand side of (22) arises from the QF-wave
pole at kx = kxq1 q2 , and is given by
Zp (Θq1 q2 )
exp [−jk0 r cos(Θq1 q2 − θ)]
2πjdav


θ+Θq1 q2
cos
θ
−
cos
2
2π
×
exp(jπ/4)
k0 r
sin θ − sin Θq1 q2
 
 
√
± 2j π exp −k0 rβq21 q2 Q ∓jβq1 q2 k0 r


SB
− 2jπH θ − Θq1 q2 , Im (βq1 q2 ) ≷ 0,

Fq1 q2 (r, θ) ∼

where H(·) is the Heaviside unit-step function,
 ∞
√
Q(ξ) = π − Q(−ξ) =
exp(−ζ 2 )dζ

(23)

(24)

ξ

is the error function complement [15], and
βq1 q2 =
†

√

2 exp(−jπ/4) sin

Θq1 q2 − θ
2

.

(25)

We restrict our attention to the simplest and most common case where QF-wave and
surface-wave poles are distinct. Otherwise, the corresponding asymptotic approximations
for double poles [14, Sec. 4.4b] need to be applied.
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Equation (23) represents a truncated propagator with arrival spectral
direction Θq1 q2 in (16), and excitation amplitude modulated by the
slab-loading pattern-function in (15), limited by a conical shadow
boundary at


1
SB
,
Θq1 q2 = Re (Θq1 q2 )−sign [Im (Θq1 q2 )] arccos
cosh [Im (Θq1 q2 )]
(26)
which corresponds to the observation direction for which the steepestdescent path in the complex Θ-plane crosses the QF-wave complex
pole at Θq1 q2 . The second term on the right hand side of (22), which
accounts for the slab-induced surface/leaky-wave contributions excited
by the (q1 , q2 )-indexed QF wave, is given by

1
exp [−jk0 r cos (Θm − θ)]
2πjdav m

(m)
 π
π αq1 q2
2π
×
+
Λq1 q2 (Θm ) cos Θm exp j
k0 r βm
k0 r
4






 SB 
±j2παq(m)
cos Θm H θ ΘSB
q1 q2 H |θ|− Θq1 q2
1 q2


√
2
, Im(βm ) ≷ 0. (27)
±2 πjαq(m)
Q (∓jβm ) exp −k0 rβm
1 q2

Gq1 q2 (r, θ) ∼

In (27), the m-summation includes the dominant surface/leaky-wave
poles Θm of the function
Λq1 q2 (Θ) =

Zp (Θ) − Zp (Θq1 q2 )
sin Θ − sin Θq1 q2

(28)

in the complex Θ-plane captured during the deformation of the original
Sommerfeld path into the steepest-descent path (SDP) through the
(m)
saddle point Θs = θ (see [14, Sec. 4.4a] for details), αq1 q2 denote the
corresponding (counterclockwise) residues, and
βm =

√

2 exp(−jπ/4) sin

Θm − θ
2

.

(29)

The above semi-inﬁnite array QF synthesis can readily be adapted to
the case of ﬁnite arrays by expressing the array interval as the diﬀerence
between two overlapping semi-inﬁnite intervals.
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4. REPRESENTATIVE RESULTS

Phase [deg]

Magnitude [dB]

We now move on to illustrating some representative results, based
on the comparison between the proposed truncated QF synthesis
in (18) and the reference solution (element-by-element synthesis, cf.
(6) and Appendix A). Both solutions are numerically implemented
by retaining M = 10 dominant surface/leaky-wave poles, computed
via numerical (Newton-Raphson) solution of the non-linear dispersion
equation pertaining to the PEC-backed dielectric slab, exploiting as
initial guesses the low-frequency approximations in [16].
We begin considering a 101-element nonphased standardFibonacci array (η = 0, ν = 1/τ , |n| ≤ 50 in (1)) with dav = 0.5λ0 ,
located on top of a PEC-backed dielectric√slab with low relative
permittivity r = 1.1 and thickness b = λ0 /(8 r ). Figure 2 compares
two truncated QF syntheses in the array near-zone (r = 100λ0 ),
obtained retaining Np = 3 and Np = 9 propagating QF waves in
(18), and the reference solution in (6) (with |n| ≤ 50). It is observed
that a few dominant propagating QF waves are suﬃcient to capture
the essential features of the waveﬁeld structure. Similar observations
hold for the far-ﬁeld pattern in Fig. 3. As in [2], to better quantify the
0

(a)

-10
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-180
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Figure 2. 101-element Fibonacci-type array with dav = 0.5λ0 ,
ν = 1/τ , and η = 0. Near-zone (r = 100λ0 ) normalized ﬁeld scan.
QF syntheses retaining Np = 3 and Np = 9 dominant propagating
waves (selected within |q1 |, |q2 | ≤ 50) are displayed as dotted and
dashed curves, respectively. Reference solution (element-by-element
summation) is displayed as a continuous curve. Due to symmetry,
only positive angles are shown.
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Figure 3. As in Fig. 2, but far-ﬁeld pattern.
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Figure 4. Parameters as in Fig. 2, but r.m.s. error ∆U in (30) as a
function of the number Np of propagating waves retained in the nearzone (r = 100λ0 ) QF synthesis. Circular bullets: No evanescent waves
retained. Square bullets: Ne = Np evanescent waves retained.
accuracy and address convergence issues, we have computed the r.m.s.
error

  π/2
2

RS
QF
 −π/2 |U (r, θ) − U (r, θ)| dθ
,
(30)
∆U (r) = 
 π/2
RS (r, θ)|2 dθ
−π/2 |U
where the superscripts “RS ” and “QF ” denote the reference solution
and the QF synthesis, respectively. The r.m.s. error behavior, for
the near-zone synthesis of Fig. 2, is shown in Fig. 4 as a function
of the number Np of dominant propagating QF waves retained, and
also compared with that obtained by retaining a number Ne = Np
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of dominant evanescent QF diﬀracted waves. As for the free-space
case [2], it is observed that acceptable accuracies (∆U ∼ −20 dB)
are obtained by retaining a small number (∼ 10) of QF waves, with
the evanescent diﬀracted waves yielding visible improvements only at
larger Ne -values. Results for the far-ﬁeld are practically identical.
A thorough parametric analysis has been carried out in order
to validate and calibrate the proposed QF wave synthesis. As an
example, Fig. 5 shows the r.m.s. error behavior for various values of the
slab relative permittivity r and thickness b. The consistently poorer
accuracy observed for half-wavelength-thick slabs (triangular bullets in
Fig. 5) is intuitively attributable to the weak radiation caused by the
low-impedance (short-circuit at broadside) loading.

∆U [dB]

0

(a)

-10
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-40

∆U [dB]
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(b)

-10
-20
-30
-40

∆U [dB]

0

(c)
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-20
-30
-40
1

10

100

Np
Figure 5. As in Fig. 4, with Ne = Np , and various values
of the slab relative permittivity r and thickness b. (a), (b), (c):
Square, circular, triangular bullets:
r = 1.1,√5, 10, respectively.
√
√
b = λ0 /(8 r ), λ0 /(4 r ), λ0 /(2 r ), respectively.
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Similar results, not shown here for brevity, have been observed
for diﬀerent inter-element spacing, scale-ratio, phasing, (moderate to
large) array sizes and observation distances. As for the free-space
case [2], one observes a faster convergence in the presence of weaker
aperiodicity (ν ≈ 1) and smaller average inter-element spacings, and
viceversa.
5. CONCLUSIONS
In this paper, as a further step in our ongoing research agenda
focused on wave interactions with aperiodic order, we have presented
a simple prototype study involving a quasiperiodic Fibonacci-type 1D array radiating in the presence of a PEC-backed dielectric slab.
In this connection, the QF analytic parameterizations derived for
inﬁnite and semi-inﬁnite Fibonacci-type arrays in free space [2],
based on a GPSF, have been extended here to account for the
interaction between quasiperiodicity-induced QF waves and slabinduced surface/leaky-waves, via uniform asymptotic approximation of
the arising spectral integrals. Numerical results have been presented
in order to validate and calibrate the proposed parameterizations,
conﬁrming their accuracy and computational eﬀectiveness in this more
complicated scenario.
Current and future investigations are aimed at the exploration
of antenna arrays based on other aperiodic arrangements (e.g., ThueMorse, period-doubling, Rudin-Shapiro [4]), as well as the exploitation
of the additional degrees of freedom available in aperiodic structures
in applications to array radiation pattern control, radar signatures,
radio-frequency identiﬁcation, frequency selective surfaces, etc. In
this connection, also of interest is the study of aperiodic arrays
on metamaterial slabs [17, 18] for applications to gratings [19] and
microstrip antennas [20].
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APPENDIX A. LINE-SOURCE RADIATION IN THE
PRESENCE OF A DIELECTRIC SLAB
The y-directed electric ﬁeld radiated by a unit-amplitude (nonphased)
line-source located on top of a PEC-backed dielectric slab at x = xn
(see Fig. 1) at the
observation point (x, z), in the local polar coordinate
(x − xn )2 + z 2 , θn ≡ arcsin[(x − xn )/Rn ]), can be
system (Rn ≡
parameterized asymptotically (k0 Rn  1) as [14, Sec. 5.6]
Un (Rn , θn ) ∼ USWn (Rn , θn ) + ULWn (Rn , θn ),

(A1)

where USWn and ULWn represent the space-wave and surface/leakywave contributions, respectively. Assuming that the phase of the slabloading pattern-function Zp (θn ) in (15) varies slowly‡ with respect
to exp(−jk0 Rn cos θn ), with the canonical complex mapping kx =
k0 sin Θ, one obtains via saddle-point uniform asymptotics [14, Sec.
5.6]
k0
Zp (θn ) cos θn exp [−j (k0 Rn − π/4)] , (A2)
USWn (Rn , θn ) = −
2πRn

[Lm (Rn , θn , Θm ) + Dm (Rn , θn , Θm )] ,
(A3)
ULWn (Rn , θn ) =
m

where
Lm (Rn , θn , Θm ) = ±2πjαm cos Θm exp[−jk0 Rn cos(Θm − θn )]


 
SB
SB
×H |θn | − |ΘSB
(A4)
m | H θn Θm , Θm ≶ 0,
√
2
Dm (Rn , θn , Θm ) ∼ ±2 πjαm Q(∓jβm ) exp(−k0 Rn βm ), Im(βm ) ≷ 0.
(A5)
The space-wave contribution USWn in (A2) corresponds to a free-space
outgoing cylindrical wave centered at xn , modulated by the slabloading factor Zp (θn ) in (15). The m-summation in (A3) includes
the dominant surface/leaky-wave poles Θm in the complex Θ-plane
captured during the deformation of the original Sommerfeld path into
the SDP through the saddle point Θs = θn (see [14, Sec. 4.4a] for
details). In (A4), αm is the (counterclockwise) residue in Θm of
the slab-loading pattern-function Zp (Θ) in (15). The surface/leakywave term Lm in (A4), with excitation amplitude αm , represents a
truncated plane-wave contribution (evanescent in the case of surface
‡

Otherwise Zp needs to be decomposed into multiple reﬂected wave terms inside the slab,
with separate asymptotic treatment for those refraction contributions into free space with
rapidly-varying phases [14, Sec. 4].
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wave) at the complex angle Θm , limited by a conical shadow boundary
The waveﬁeld
at ΘSB
m (given in (26), with Θm replacing Θq1 q2 ).
continuity across the parabolic transition region surrounding the
shadow boundary is ensured by the diﬀraction term Dm in (A5), with
Q(·) denoting the error function complement in (24), and βm given in
(29).
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