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An object-based inverse scattering algorithm is presented for electromagnetic imaging of homogeneous dielectric targets in a lossless, homogeneous background. The proposed approach
embodies the use of a contrast source inversion method in conjunction with a curve-evolutionbased reconstruction technique, thereby integrating the attractive computational features of
the former with the robustness and edge-preserving capabilities of the latter. Numerical results
involving single- and double-target conﬁgurations are presented to validate the approach and
demonstrate its capabilities.
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1. Introduction
Electromagnetic (EM) imaging of penetrable objects embedded in
complex environments is a topic of paramount interest in a variety of disciplines, with potential applications including bio-medical imaging, nondestructive testing, humanitarian demining, etc. In these applications, one is
interested in reconstructing, from scattered ﬁeld observations, the electrical
properties (e.g., permittivity and conductivity) of a suitable test region,
in order to detect, localize and classify possible anomalies. Most of the
challenges involved in this inverse scattering scenario stem from its inherent
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ill-posedness [1], which aﬀects the numerical conditioning of the inversion
algorithms, i.e., their sensitivity to noise and data uncertainty. A common
approach to cope with this limitations is based on the use of regularization
techniques which tend to restrict the solution space via exploitation of suitable a priori information [2]. Another key issue is related to the intrinsic
nonlinearity of the model, which complicates signiﬁcantly the inversion procedure, due to the existence of possible false solutions (see, e.g., [3] and the
references therein). Although signiﬁcant advances have been achieved during
the past decade (see, e.g., [2–5] for a comprehensive review), devising eﬀective imaging techniques is still a worthwhile task, which requires clever blend
of EM modeling and advanced signal processing in order to grant physical
insight into the problem and to exploit possible a priori information in the
most fruitful way.
In this connection, object-based (OB) inversion techniques are rapidly
emerging as an attractive alternative to traditional pixel-based approaches.
The key idea behind OB techniques is to focus on robust global features of
the target (e.g., shape, contrast, etc.), instead of trying to image it pointwise.
Besides mitigating the ill-posedness of the problem, this typically yields better
estimation of key features of the target image (such as edges) which is highly
desirable in localization=classiﬁcation procedures. OB inversion techniques
use simple parameterizations of objects in terms of nearly homogeneous
regions delineated by boundaries, and use variational techniques to search
for optimal location of boundaries and contrast values. Similar variational
techniques are used extensively in the computer vision literature for segmentation problems, and are based on the work of Mumford and Shah [7]. The
Mumford–Shah framework has been combined with curve evolution techniques recently [8,9] to obtain fast OB algorithms for object segmentation in
computer vision.
In this paper, we describe an OB algorithm for reconstructing twodimensional (2-D) homogeneous dielectric targets in a homogeneous background medium (free space). The proposed approach combines the contrast
source inversion (CSI) method in [6] with a popular OB technique, based on
curve-evolution algorithms [8–11]. The basic idea is to integrate the proven
versatility and computational eﬃciency of the CSI method with the desirable
robustness and edge-preserving capabilities of OB reconstruction techniques.
The remainder of the paper is organized as follows. In Section 2, the
problem formulation is outlined and the background theory on CSI methods
is brieﬂy reviewed, with deﬁnition of the notation used throughout the paper.
In Section 3, the proposed OB-CSI method is described, and the various
algorithmic steps and tasks involved are detailed. Representative numerical
results involving single- and double-target geometries are presented and
discussed in Section 4. Conclusions follow in Section 5.
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Figure 1. Problem geometry. A homogeneous target with relative electric permittivity erT and
electrical conductivity sT occupies the region B (target domain), lying inside a test domain D,
in free space. A single-frequency, time-harmonic, TM-polarized illumination is generated via
an array of Ns line-sources. The backscattered ﬁeld is observed at Nr ﬁxed receiver locations
(observation domain).

2. Problem Formulation and Background Theory
The problem geometry is illustrated in Figure 1, which shows a scattering object (target) occupying a domain B (target domain) in a homogeneous
lossless background medium. Here, the background medium is assumed to
be free space, with dielectric permittivity and magnetic permeability denoted
as e0 and m0, respectively. The target is assumed to be homogeneous and
nonmagnetic (m = m0); its location, relative dielectric permittivity erT and
electric conductivity sT are unknown. However, the (possibly multiply-connected) target domain B is assumed to lie within a known (larger, simply
connected) domain D (test domain). In what follows, we consider a twodimensional (2-D) formulation in a (x, z) coordinate system, with all ﬁelds
and geometries implicitly assumed to be y-independent. Moreover, we assume
a multistatic transmitter=receiver conﬁguration with suppressed exp(–iwt)
time dependence. Speciﬁcally, we assume a transverse magnetic (TM) illumination generated by an array of Ns line sources, restricting our attention to
the y-directed electric ﬁeld E(x, z) from which all other ﬁeld quantities of
interest can be computed via Maxwell’s equations. The complex (magnitude
and phase) ﬁeld scattered by the object is observed at a number Nr of receiver
locations lying on the curve S (observation domain). Both source and
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observation domains are assumed to lie outside the test domain D. The actual goal of this investigation is the imaging of the test domain D in Figure 1,
i.e., the reconstruction, from scattered ﬁeld observations, of its electrical
properties er and s, in order to detect, localize and possibly classify the embedded target(s).
The following three subsections (2.1–2.3) are intended as an introduction to the CSI method and to the notation used throughout the
paper; the background theory presented does not contain original material,
and can thus be skipped by the more expert reader.
2.1. Forward Scattering Formulation
The total ﬁeld Ej in the test domain D, due to an incident ﬁeld Ejinc
generated by the j-th line-source transmitter, j = 1,. . ., Ns, is ruled by the wellknown Lippman–Schwinger integral equation [12],
ð
Ej (r) = Ejinc (r) + k20 G(r, r¢; k0 )c(r¢)Ej (r¢) d r¢, r˛D
(1)
D

pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
where rw(x, z) and r¢w(x¢, z¢) denote points in D, and k0 = w e 0 m 0 = 2p =l 0
is the free-space wavenumber, with l 0 denoting the free-space wavelength.
Moreover,
i
G(r, r¢; k0 ) = H(1)
(k0 jr – r¢j)
4 0

(2)

is the 2-D free-space Green’s function, with H(1)
0 denoting the zero-th order
Hankel function of the ﬁrst kind [13], and
c(r¢) = c r (r¢) + ic i (r¢) = e r (r¢) – 1 + i

s (r¢)
we 0

(3)

is the contrast function, also referred to as object function. Similarly, the
scattered ﬁeld Fj observed at receiver location r, due to the same incident ﬁeld
Ejinc, is given by [12]
ð
2
Fj (r) = k0 G(r, r¢; k0 )c(r¢)Ej (r¢) dr¢, r˛S
(4)
D

Equations (1) and (4) are usually referred to as object and data equations,
respectively. Following [6], we rewrite them in a compact symbolic form as
Ej = Ejinc + GD cEj ,
Fj = GS cEj ,

r ˛S

r ˛D

(5)
(6)

with GD and GS denoting the integral operators in (1) and (4), respectively.
These operators are actually identical, and the diﬀerent subscripts D and S
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are used only to highlight the diﬀerent location of the observation point r
(in D and S, respectively).
It is instructive to combine object and data equations, (5) and (6), as
Fj = GS [ c(I – GD c) – 1 Ejinc ]

(7)

where I denotes the identity operator, and the superscript –1 indicates a
formal inverse. From (7), the intrinsic nonlinearity of the inverse scattering
problem with respect to the object function c emerges clearly. Starting from
the fully nonlinear exact formulation in (7), a variety of approximation
schemes have been proposed to invert the forward scattering model in a
reliable and computationally feasible fashion. Prominent among them are
the linearized methods based on Born-type approximations. Starting from the
simplest, and crudest, Born approximation (GD = 0 in (7)), which linearizes
the model in the weak scattering (i.e., weak contrast, jcj @1) limit, more
sophisticated iterative [14], and distorted [15] alternatives have been proposed
to cope with higher-contrast targets. Nonlinear approaches, based on the
so-called ‘‘extended’’ Born approximation [16] have also been explored.
2.2. Contrast Source Formulation
Since, as seen from (5)–(7), the nonlinearity of the problem arises
from the occurring of the object function and the total ﬁeld as a product, it is
suggestive to re-formulate the problem introducing the quantities
Wj = cEj

(8)

It is readily veriﬁed that the ﬁelds Ej satisfy the equation
(r2t + k20 )Ej = – k20 Wj

in B

(9)

r2t

denoting the transverse Laplace operator. Because of (9), Wj are
with
usually referred to as contrast sources. The object equations in (5) are
accordingly rewritten as
Ej = Ejinc + GD Wj

(10)

cEjinc = Wj – cGD Wj

(11)

or equivalently, using (8),

whereas the data equations in (6) become
Fj = GS W j

(12)

2.3. Contrast Source Inversion
Equation (12) represents a classic ill-posed problem of longstanding
interest. The reader is referred to [6,17–21] and the references therein for a
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comprehensive overview. In particular, it has been shown that standard inversion techniques (e.g., conjugate gradient) can lead to unphysical solutions.
To overcome this problem, more sophisticated inversion techniques have
been devised (see, e.g., [6,22,23]). In what follows, we focus on the approach
proposed in [6], which has been proven to be particularly versatile and
eﬀective. Following [6], we deﬁne the cost functional
J( c, W ) = a 1

Ns
X

kFj – GS Wj k2S

j =1

+a2

Ns
X

kcEjinc – Wj + cGD Wj k2D + bJREG (c, W )

(13)

j =1

and formalize the inverse scattering problem as ﬁnding the object function c
and the contrast sources W = {Wj}j = 1,. . ., Ns which minimize it. In (13), the
ﬁrst two terms encourage data ﬁdelity, by measuring the error in the data and
object equations in (12) and (11), respectively, with k.k2S and k.k2D denoting
L2 norms deﬁned in S and D, respectively, and with a1 and a2 being suitable
normalization coeﬃcients. In what follows, we shall use
a 1–1 

Ns
X

kFj k2S ,

j =1

a 2–1 

Ns
X

kEjinc k2D

(14)

j =1

The original contrast source inversion technique uses a diﬀerent normalization coeﬃcient
a 2–1 

Ns
X

kcEjinc k2D

j =1

which introduces an additional iteration in the algorithm. In order to keep
the exposition simple, we use the normalizations in Eq. (14). It is straightforward to extend our algorithm to the normalization of Eq. (15) by using
an iteration dependent normalization that uses a previous estimate of c in
Eq. (15), as in [6].
The third term in (13), JREG, is a regularization term which helps
restoring well-posedness of the problem [1] via exploitation of suitable
a priori information about geometrical and constitutive features (e.g.,
smoothness, homogeneity) of the target. The proper choice of the regularization parameter b is an important issue, for which a number strategies
have been proposed (see, e.g., [24]). In this connection, alternative regularization schemes based, e.g., on multiplicative constraints have also been
proposed [25–27].
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3. Object-Based Contrast Source Inversion
3.1. Preliminary Considerations
Object-based (OB) inversion techniques have been widely investigated
in image processing, with many important applications in problems such as
object boundary detection and image segmentation. OB approaches typically
rely on parametric or semi-parametric deformable shape models for the object function which incorporate possible a priori information about geometrical and constitutive properties of the target, focusing on its robust features.
For our speciﬁc problem, involving homogeneous targets, it is suggestive to
estimate the key features of the target (e.g., shape and contrast) directly
rather than trying to retrieve them pointwise, thereby avoiding the inherent
problems of a posteriori edge detection. In this connection, OB techniques
oﬀer an attractive alternative to standard pixel-based imaging techniques
from both the computational and reconstruction quality viewpoints. In the
last few years, several applications of OB approaches to EM inverse scattering problems have been explored. For instance, in [28], a shape-based
approach has been applied in conjunction with the Newton–Kantorovich
technique to inverse scattering of conducting cylinders buried in a homogeneous halfspace. For the same problem, but for dielectric targets, an effective scattering model based on circular cylinders, with radius, permittivity
and center position to be retrieved, has been proposed in [29]. Applications
to inhomogeneous backgrounds=targets have been explored in [30], via the
use of low-order polynomial expansions for background and target permittivity and quadratic B-spline parameterizations for the target boundary.
A noteworthy class of OB inversion techniques is represented by curve evolution (CE) techniques (see, e.g., [8–11]), where a gradient ﬂow is designed
which attracts initial closed curves to the target boundary. Such techniques
have been explored in [31–34] in connection with nonlinear inverse scattering problems involving penetrable targets with known electric properties.
More recently, applications to underground imaging of shallowly-buried
low-contrast targets in the presence of ﬂat and moderately rough air-soil
interfaces have also been given attention [35–38].
3.2. Proposed Approach
As stated previously, our approach is based on the combined use of
OB reconstruction techniques and CSI. To this end, the target is parameterized via a semiparametric deformable-shape model, and the cost functional in (13) is modiﬁed accordingly and subsequently minimized using
a coordinate descent (alternating minimization) method [39]. The various
algorithmic steps are detailed below.
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3.2.1. Object Parameterization and Problem Formulation
Although, in principle, the method can handle multiple targets, here
we focus on the simplest scenario in Figure 1, where a single homogeneous
target with relative permittivity erT and electrical conductivity sT occupies
~. The object function can thus
the region B bounded by a continuous curve C
be parameterized as
c(r) =ĉPB (r),

ĉ =ĉ r + iĉ i

(16)

with ĉ r = e rT – 1 and ĉ i = s T =(we 0 ). Here and henceforth, the superscripts
r and i denote the real and imaginary part, respectively. Moreover, PB represents the characteristic function of the target region B,

1, r˛B
(17)
PB (r) =
0, r6 ˛B
The inverse scattering problem is thereby reduced to estimating the target
~ and the single value of contrast ĉ. In view of the chosen paraboundary C
meterization (16) for the object function, we rewrite the cost functional in
(13) as
ð
Ns
Ns
X
X
2
2
~
J(ĉ, C; W ) = a 1
kFj – GS Wj kS + a 2
kĉEj – Wj kB(C~) + g
d‘
=a1

~
C

j =1

j =1

Ns
X

Ns
X

kFj – GS Wj k2S + a 2

j =1

jĉEj – Wj j2 + g

j =1

ð
d‘
~
C

~) denotes the region bounded by the closed curve C
~, and
where B(C
ð
ð
Ej =
Ej (r¢) dr¢, Wj =
Wj (r¢) dr¢
~)
B(C

(18)

(19)

~)
B(C

with Ej being deﬁned in (10). In the second term of the modiﬁed cost functional in (18), we have enforced the homogeneity condition in (16), which can
be viewed as prior-information-based implicit regularization. Additional
regularization is provided by the third term in (18), by penalizing the arclength of the estimated curve, with the choice of the regularization parameter
g aﬀecting its smoothness. This term is motivated by the Mumford–Shah
approach [7] and serves as a regularization on target shape. In our implementation, g is empirically selected by trial and error, taking into account
prior expectations about target geometry (e.g., size and smoothness).
The proposed algorithm is based on a simple coordinate descent
method [39], involving the alternating minimization of the cost functionals
~) obtained from (18) by ﬁxing the contrast sources Wj
Jĉ , C~(W ) and JW ( ĉ, C
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~), respectively, i.e.,
and the OB-parameterized object function (ĉ, C
Ns
X

Jĉ , C~(W ) = a 1

kFj – GS Wj k2S + a 2

j =1

~) = 1
JW (ĉ, C
2

Ns
X

Ns
X

kĉEj – Wj k2B(C~)

(20)

j =1

2

jĉEj –Wj j + g

j =1

ð
(21)

d‘
~
C

~), (20) is a quadratic functional,
It is readily recognized that, for ﬁxed (ĉ, C
and therefore its minimization does not pose particular challenges. In our
implementation, this minimization is carried out via standard conjugate
gradient (CG) optimization algorithms [40], in a suitably discretized test
domain. Conversely, the cost functional in (21), for ﬁxed W, is nonquadratic
(due to the presence of the arc-length regularization term) and involves an
OB-parameterized object function.1 In our implementation, its minimization
is performed via a curve-evolution (CE) technique, as detailed in subsection
3.2.2.
A schematic ﬂow-chart of the end-to-end approach is shown in
Figure 2. The core of the approach consists of the alternating minimization
of the cost functionals (20) (via standard CG algorithms [40]) and (21) (via
CE algorithms), as described above. Concerning the initialization step, it is
clear that one needs an initial estimate of the object function or of the inverse
sources. Among the various strategies that we have explored (including, e.g.,

1

Note that a notationally more convenient scaling in the regularization parameters has been
introduced in (21).

Contrast Source
Inversion

Jχ

observation data

(J )
C , χˆ

χ
initial guess
Eqs. (27)

W

JW ( χ )

W
contrast
sources
alternating
minimization

Curve Evolution
(level set method)

(

JW C , χˆ

)

target image

target boundary and contrast

C , χˆ

1st iteration
(pixel based)

Figure 2. Schematic ﬂow-chart of the proposed object-based contrast source inversion
approach.
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the exploitation of Born-approximated solutions), the most robust and reliable is based on a preliminary pixel-based CSI estimation. This strategy is
described in subsection 3.2.3.
We highlight that the proposed OB-CSI approach diﬀers substantially from traditional CE approaches to nonlinear inverse scattering
such as, e.g., [31–34]. These approaches are usually based on adjoint-ﬁeld
computation, and are typically restricted to known-contrast targets. Conversely, our approach relies on the proven computational eﬃciency of the
CSI method, and allows for simultaneous estimation of both target shape and
contrast.
3.2.2. Curve Evolution
As stated previously, the cost functional in (21), for ﬁxed W, is
minimized via a CE approach. As typical in CE techniques, this is accomplished by designing a gradient ﬂow that attracts an initial closed curve to the
~(t )
boundary of the target region B. Given a family of smooth curves C
parameterized by t, we search for the curve in this family and the contrast
~(t ), by
value ĉ that minimize the cost functional in (21). For a given curve C
enforcing the stationarity of (21) with respect to the contrast ĉ, the following
equations are obtained
¶
JW (t , ĉ) = 0
¶ĉ r

and

¶
JW (t , ĉ) = 0
¶ĉ i

(22)

By combining (21) and (22), one obtains a couple of linear equations that
must be satisﬁed by the real and imaginary parts of the contrast ĉ,
8
Ns
P
>
r
r
i
i
r r
i i
i r
r i
>
>
< (Wj – ĉ Ej +ĉ Ej )Ej + (Wj – ĉ Ej – ĉ Ej )Ej = 0
j =1
(23)
Ns
P
>
r
i
i
r
>
r r
i i
i r
r i
>
(W
–
ĉ
E
+ĉ
E
)E
–
(W
–
ĉ
E
–
ĉ
E
)E
=
0
:
j
j
j
j
j
j
j
j
j =1

~(t ) is evolved along
To minimize the cost functional in (21), the curve C
the direction of steepest descent, i.e., along the negative gradient of JW with
~(t ). Proceeding as in [35,36], one ﬁnds
respect to C
Ns
X
~
dC
r
r
i
= –rt JW (t , ĉ) =
{(Wj – ĉ rEj +ĉ iEj )[ ĉ rEjr (rc¢) – ĉ iEji (rc¢)]nc
dt
j =1
i

r

i

+ (Wj – ĉ iEj – ĉ rEj )[ ĉ iEjr (rc¢ ) +ĉ r Eji (rc¢)]nc } + g k c nc

(24)

~(t ), ĉ], Ej and Ej are deﬁned in (10) and (19), respecwhere JW (t , ĉ)  JW [C
~(t ), and nc and kc indicate the outward
tively, r¢c denotes a point on the curve C
normal and the signed curvature of the curve at r¢c, respectively [35,36].
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For numerical implementation, the evolution in (24) needs to be discretized in t and stepped forward. The procedure is initialized through a
rough initial guess of the target boundary, which is subsequently used to
obtain, via (23), the initial contrast estimate. The procedure is thus evolved,
~(t ) (via (24)) and of the contrast
with alternative updating of the curve C
estimate ĉ (via (23)) until convergence is achieved. In this connection, the
target boundary initial guess was found to be not particularly critical for the
overall accuracy, aﬀecting primarily the convergence rate. Our numerical
implementation is based on the level set method [31,32,41], which was found
to yield numerically eﬃcient and stable evolution. Implementation details
are similar to those in [35,36] and therefore are not discussed here.
3.2.3. Pixel-Based CSI Initialization
As discussed in subsection 3.2.1, the initialization procedure in our
approach is based on a preliminary pixel-based CSI estimation. To this end,
the test domain D is discretized in a number Np of suitably small pixels. The
proposed procedure, close in spirit to that in [6], is aimed at minimizing the
CSI cost functional in (13), with a total variation regularization term [42]
Np qﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
X
j(Dx c)p j2 + j(Dz c)p j2
(25)
Jreg (c) = kDck1D 
p =1

where Dx and Dz denote ﬁnite diﬀerences operators in the x and z direction,
respectively. This regularization term encourages the expected piecewise
smoothness in the reconstructed object function and contrast sources, by
penalizing the L1 norm of the spatial gradient operator D. However, as
compared with the L2 norm in the standard Tikhonov regularization [1], the
L1 gradient penalty in (25) is less penalizing on large jumps, thus allowing
sharper edges to form in the reconstructed object function and yielding less
blurred reconstructions. Also in this case, we use an alternating minimization
scheme involving the cost functionals
JW (c) = a 2

Ns
X

kcEj – Wj k2D + bJreg (c)

(26)

j =1

Jc (W ) = a 1

Ns
X
j =1

kFj – GS Wj k2S + a 2

Ns
X

kcEj – Wj k2D

(27)

j =1

obtained from (13) by ﬁxing the contrast sources W and the object function
c, respectively, and with Ej deﬁned in (19). Again, it is recognized that (27) is
a quadratic functional, whereas (26) is nonquadratic due to the presence of the
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L1 regularization term. The procedure is initialized by solving two linear
problems, obtained from (26) (with b = 0) and (27) (with a2 = 0), which yield
the rough initial estimates for the contrast sources and the object function,
respectively,
Wj(0) = G#S Fj ,

c (0) = P (0)# Q(0)

(28)

with
P (0) 

Ns
X

Ej(0) ,

Ns
X

Q(0) 

j =1

Wj(0)

(29)

j =1

In (28), the subscript # indicates the pseudo-inverse operator,
A#  (ATA) –1AT

(30)

with T denoting the complex conjugate transpose operator. The procedure is
then evolved with alternating minimizations of the functionals in (26) and
(27). Minimization of the (quadratic) cost functional in (27) is accomplished
via standard CG algorithms [40], whereas minimization of (26) is slightly
more involved. In this connection, we use an iterative scheme based on halfquadratic approximations [42]. At the n-th alternating minimization step,
the estimates of the contrast sources Wj are obtained by solving the linear
problem
(a 1 GTS GS + a 2 R (n)TR (n) )Wj(n) = a 1 GTS Fj + a 2 R (n)T c (n–1) Ejinc

(31)

where R (n) = c (n–1)GD – I. Once the Wj (n) are computed, the estimate of the
object function, c (n), is obtained via an iterative procedure, involving solution of a sequence of Nl linear problems [42]
[a 2 P (n)TP (n) + b(DTx L(n, l ) Dx + DTz L(n, l ) Dz )] c (n, l ) = a 2 P (n)TQ(n) ,
l = 1, . . . , Nl

(32)

where
P (n) =

Ns
X
j =1

L

(n, l )

= diag

h

Ej(n) ,

Q(n) =

Ns
X

Wj(n)

(33)

j =1

i –1=2 

 

(Dx c (n–1, l ) ) 2 + (Dz c (n–1, l ) ) 2 + h2
,
p
p

p = 1, . . . , Np

(34)

In (34), h is a small smoothing parameter which controls the closeness to the
true L1 norm solution and the convergence speed [42]. The estimate of the
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object function at the n-th alternating minimization step is thus given by
c (n) = c (n, Nl ). The sought initial estimate of the contrast sources Wj is obtained via M alternating minimization iterations as in (31)–(34). We emphasize that this estimate does not need to be very accurate, and therefore it
is not necessary to reach full convergence in the alternating minimization
scheme (31)–(34).
4. Numerical Results
In order to validate and calibrate the proposed OB-CSI approach, an
extensive series of numerical experiments was performed. In all numerical
simulations presented below, the measured ﬁelds were synthetically generated via full-wave solution of the forward scattering problem, using the
multiﬁlament current method in [43]. To begin with, we consider a singletarget conﬁguration involving an elliptic cylinder with center at (x0, z0) =
(0, 0), radii Rx = 0.5l 0 and Rz = 0.25l 0, and contrast c = 1 + i0.5. For this
example, Ns = 30 line sources and Nr = 30 receivers were assumed, evenly
spaced on a circle of radius R0 = 1.5l 0 centered at (0, 0). The test domain D
to be imaged was chosen as a 2.4l 0 · 2.4 l 0 square surrounding the target,
discretized into Np = 30 · 30 pixels. We used two complete iterations (plus
the pixel-based initialization) of the OB-CSI reconstruction algorithm in
subsection 3.2.
Reconstruction results are compared with the ground truth in Figure 3.
Figures 3a and d show the actual contrast (real and imaginary parts, respectively), whereas Figures 3b and e show the corresponding pixel-based
CSI initial estimates obtained after M = 128 iterations (subsection 3.2.3);
these reconstructions resemble those in [6]. The ﬁnal OB-CSI reconstruction
results, obtained after two complete iterations of the algorithm in subsection
3.2, are shown in Figures 3c and f, with CE and regularization parameters
indicated in the ﬁgure captions. Good accuracy is observed in both target
boundary and contrast estimation (estimated value: ĉ = 0:93 + i0:47). The
boundary estimation capabilities of the proposed approach are highlighted
in Figure 4, which shows the actual target boundary overlayed on the
OB-CSI ﬁnal estimation. No particular reconstruction improvement was
observed by using more than two complete iterations of the algorithm. Next,
in order to assess the reliability of the algorithm, we performed a number of
sensitivity tests with respect to possible pollution in the observed data. For
the same target as in Figures 3 and 4, typical reconstruction results obtained
by using observation data corrupted by uniform noise (±10% in magnitude,
±10o in phase) are shown in Figure 5. The OB-CSI algorithm turns out to be
remarkably robust, with the reconstruction results being only slightly worse.
As a more challenging example, we consider a double-target conﬁguration,
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χr

(a)

(b)

(c)

χi

(d)

(e)

(f)

Figure 3. Single-target conﬁguration: reconstruction examples. Target: elliptic cylinder with
center at (x0, z0) = (0, 0), radii Rx = 0.5l 0 and Rz = 0.25l 0, and contrast c = 1 + i0.5. Sources and
receivers: Ns = 30 line sources and Nr = 30 receivers were assumed, evenly spaced on a circle of
radius R0 = 1.5l 0 centered at (0, 0). Test domain: 2.4 · 2.4l 0 square surrounding the target,
discretized into Np = 30 · 30 pixels. (a), (d) Ground truth (real and imaginary contrast, respectively). (b), (e) Pixel-based CSI initial estimate (subsection 3.2.3) after M = 128 iterations with
Nl = 10 and b = 10 –4. (c), (f ) Final OB-CSI reconstruction via two iterations of the algorithm
in subsection 3.2. CE parameters: 250 t -steps with g = 0.1 plus 200 steps with g = 0.03 (1st
iteration), 150 steps with g = 0.015 (2nd iteration); estimated contrast: ĉ = 0:93 + i0:47.

z (wavelengths)

1
0.5
0
-0.5
-1
-1

-0.5
0
0.5
x (wavelengths)

1

Figure 4. Parameters as in Figure 3. Actual target boundary overlayed on OB-CSI ﬁnal estimation. —– Actual target boundary; – – – Estimated target boundary; . . . CE initial conditions.

starting with the case where the two targets have the same contrast. Specifically, we assume
. Target 1: Elliptic cylinder centered at (x01, z01) = ( – 0.5l 0, 0) with
radii: Rx1 = 0.5l 0, Rz1 = 0.25l 0,
. Target 2: Elliptic cylinder centered at (x02, z02) = (0.5l 0, 0) with
radii: Rx2 = 0.25l 0, Rz2 = 0.5l 0,
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0.5
0

χi

-0.5

(c)

(d)
-1
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-0.5
0
0.5
x (wavelengths)

1

Figure 5. Parameters as in Figure 3, but for observation data corrupted by uniform noise (±10%
in magnitude, ±10o in phase). (a), (c) Ground truth (real and imaginary contrast, respectively).
(b), (d) Final OB-CSI reconstruction via two iterations of the algorithm in subsection 3.2. CE
parameters as in Figure 3; estimated contrast: ĉ = 0:91 + i0:46). (e) Actual target boundary
overlayed on OB-CSI ﬁnal estimation. —– Actual target boundary; – – – Estimated target
boundary; . . . CE initial conditions.

χr

(a)

(b)

(c)

χi

(d)

(e)

(f)

Figure 6. Double-target conﬁguration (same contrast c = 1 + i0.5): reconstruction examples.
Target 1: elliptic cylinder with center at (x01, z01) = (– 0.5l 0, 0), radii Rx1 = 0.5l 0 and Rz1 =
0.25l 0. Target 2: elliptic cylinder with center at (x02, z02) = (0.5l 0, 0), radii Rx2 = 0.25l 0 and
Rz2 = 0.5l 0. Other parameters are as in Figure 3. (a), (d) Ground truth (real and imaginary
contrast, respectively). (b), (e) Pixel-based CSI initial estimate (subsection 3.2.3) after M = 240
iterations with Nl = 10 and b = 10 –4. (c), (f ) Final OB-CSI reconstruction via two iterations
of the algorithm in subsection 3.2. CE parameters: 250 t-steps with g = 0.03 plus 100 steps with
g = 0.025 (1st iteration), 150 steps with g = 0.025 (second iteration); estimated contrast:
ĉ = 0:97+i0:50.

with contrast c = 1 + i0.5, and all other simulation parameters as in Figures 3
and 4. Reconstruction results are shown in Figures 6 and 7. Again, good
accuracy in both target boundary (see Figure 7) and contrast estimation

370

Feng, Galdi, and Castañon
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-1
-1

-0.5
0
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Figure 7. Parameters as in Figure 6. Actual target boundaries overlayed on OB-CSI ﬁnal
estimations. —– Actual target boundaries; – – – Estimated target boundaries; . . . CE initial
conditions.

(ĉ = 0:97 + i0:50) is observed. We emphasize that, despite the small separation between the two targets (a fraction of a wavelength), the proposed approach is remarkably capable to resolve them. Finally, we consider the case
of a double-target conﬁguration with diﬀerent contrasts, namely,
. Target 1: Elliptic cylinder centered at (x01, z01) = (– 0.5l 0, 0) with
radii: Rx1 = 0.4l 0, Rz1 = 0.25l 0, and contrast c1 = 1 + i0.3;
. Target 2: Elliptic cylinder centered at (x02, z02) = (0.5l 0, 0) with
radii: Rx2 = 0.25l 0, Rz2 = 0.4l 0, and contrast c2 = 0.5 + i0.5.
For this conﬁguration, we used the following CE parameterization (generalizing (16))
c(r) =ĉ 1 PB1 (r) +ĉ 2 PB2 (r)

(35)

with B1 and B2 denoting the (unknown) target domains, ĉ 1 and ĉ 2 indicating the corresponding (unknown) contrasts, and with the function PB
deﬁned in (17). The reconstruction algorithm, though slightly more involved,
is formally analogous to that described in subsection 3.2. Results are shown
in Figures 8 and 9. Reconstruction accuracy is comparable with those
achieved in the previous examples.
As a general comment, in our numerical experiments, the range of applicability and the computational burden of the algorithm were found to be
comparable with those in [6]. Our method should be viewed as an alternative
CSI implementation featuring enhanced edge-preserving capabilities.
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(c)
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(f)

Figure 8. Double-target conﬁguration (diﬀerent contrasts): reconstruction examples. Target 1:
elliptic cylinder with center at (x01, z01) = (– 0.5l 0, 0), radii Rx1 = 0.4l 0 and Rz1 = 0.25l 0, and
contrast c1 = 1 + i0.3. Target 2: elliptic cylinder with center at (x02, z02) = (0.5l 0, 0), radii Rx2 =
0.25l 0 and Rz2 = 0.4l 0, and contrast c2 = 0.5 + i0.5. Other parameters are as in Figure 3. (a), (d)
Ground truth (real and imaginary contrast, respectively). (b), (e) Pixel-based CSI initial estimate
(subsection 3.2.3) after M = 240 iterations with Nl = 10 and b = 10 –4 . (c), (f ) Final OB-CSI
reconstruction via two iterations of the algorithm in subsection 3.2. CE parameters: 200 t-steps
with g = 0.04 plus 150 steps with g = 0.025 (1st iteration), 150 steps with g = 0.035 (second
iteration); estimated contrasts: ĉ1 = 0:89+i0:27, ĉ 2 = 0:44+i0:50.
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1
0.5
0
-0.5
-1
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0
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Figure 9. Parameters as in Figure 8. Actual target boundaries overlayed on OB-CSI ﬁnal
estimations. —– Actual target boundaries; – – – Estimated target boundaries; . . . CE initial
conditions.

5. Conclusions
An object-based contrast source inversion (CSI) method has been
presented for imaging of homogeneous targets embedded in a homogeneous,
lossless background. In the proposed approach, the CSI method in [6] is

372

Feng, Galdi, and Castañon

combined with a curve-evolution reconstruction technique in an alternatingminimization iterative scheme. Preliminary outcomes, so far restricted to
2-D geometries and time-harmonic excitation, look encouraging. The proposed approach should be viewed as an alternative implementation of the
CSI method in [6], particularly suited for applications in which edge information is crucial. Applications to subsurface targets and full 3-D scenarios are under consideration. The case of pulsed excitation could be handled
too, in principle, using the time-domain CSI approach in [44].
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