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Narrow-Waisted Gaussian Beam Discretization for
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Abstract—In this paper, we develop a Gabor-based Gaussian
Beam (GB) algorithm for representing two-dimensional (2-D) radiation from finite aperture distributions with short-pulse excitation
in the time domain (TD). The work extends previous results using
2-D frequency-domain (FD) narrow-waisted Gaussian beams [1].
The FD algorithm evolves from the rigorous Kirchhoff integration over the aperture distribution, which is then parameterized
via the discrete Gabor basis and evaluated asymptotically for high
frequencies to furnish the GB propagators to the observer. The TD
results are obtained by Fourier inversion from the FD and yield
pulsed beams (PB). We describe the resulting TD algorithm for several aperture distributions, ranging from simple linearly phased
(linear delay) to arbitrary time delay profiles; the latter accommodate the important case of focusing TD aperture fields. For modulated pulses with Gaussian envelopes, we compute accurate closed
form analytic solutions, which have been calibrated against numerical reference data. Our results confirm that the previously established utility of the Gabor-based narrow-waisted FD-GB algorithm
for radiation from distributed apertures [1] remains intact in the
TD.
Index Terms—Gabor lattice representations, Gaussian beams
(GBs), pulsed beam wavepackets.

I. INTRODUCTION

G

AUSSIAN beams (GBs) have been used conventionally
as highly collimated basis elements in a variety of
frequency domain (FD) and time domain (TD) radiation, propagation and scattering scenarios, especially in the asymptotic
high frequency (HF) regime. The bases can be continuous
or discrete, the latter being anchored to a Gabor lattice in
the (physical-domain)–(spectral domain) FD or TD phase
space [2]–[10]. When applied to radiation from extended
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GB-parameterized aperture distributions, the radiated fields at
the observer are synthesized by summation over the individual
basis beam contributions. When interacting with a complex
propagation or scattering environment, the (localization)
resolution capabilities of the GB algorithms are essentially on
the order of the collimation width of the basis beams, which
generally extends over many wavelengths. This is in contrast
to HF ray-based algorithms that explore local properties of the
environment, but have deficiencies due to failures in ray-optical
transition regions near shadow boundaries, caustics, etc. A
nonconventional form of the Gabor algorithm, which uses
narrow-waisted poorly collimated basis beams, simulates
ray-like behavior without the transition region failures of ray
fields. In the FD, the collective effect of the narrow-waisted
nonconventional Gabor-stacked basis beams has been shown
capable of furnishing highly accurate and numerically efficient
solutions for scattering by, or transmission through, complex
environments irradiated by aperture distributions [11]–[14];
this renders the algorithm useful as an efficient forward solver
for inverse scattering and reconstruction [15].
In this paper, we extend the FD Gabor-based narrow-waisted
beam algorithm for radiation from extended apertures [1] to the
TD. The initial Kirchhoff integration over the FD aperture distribution is parameterized via the discrete Gabor basis and reduced
by high frequency asymptotics to furnish the GB propagators to
the observer; the TD pulsed beam (PB) propagators are obtained
by Fourier inversion from the FD. For insight into the analytic
implications and physical interpretation of the FD-inverted integrals, various aperture distributions are analyzed, starting from
linearly phased (linear delay) to arbitrary time delay profiles; the
latter are illustrated by the important example of focusing TD
aperture fields. Accurate and easily computable closed-form analytic solutions are obtained for modulated pulses with Gaussian
envelopes and are calibrated against independently generated
numerical reference data. These results confirm that the previously established utility of the Gabor-based narrow-waisted
FD–GB algorithm for radiation from distributed apertures [1]
remains intact in the time domain.
In the FD, it has been established that the GB basis beams
can be tracked efficiently from the aperture through interactions with complex scattering environments [11]–[14] and are
therefore useful forward solvers in inversion scenarios [15]. Interaction of the PB propagators with complex environments is
presently under consideration.
The rest of this paper is organized as follows. Section II has a
compact summary of the FD formulation and its asymptotic re-
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duction for narrow-waisted basis beams; the results are applied
to linearly phased apertures (which includes the nonphased special case). Section III is concerned with the inversion to the
TD, treating in sequence space–time separable linear-delay and
nonlinear-delay aperture field profiles. The analytic reduction
of the GB inversion integrals for modulated Gaussian envelope
pulsed beams (PB) is presented succinctly, with details relegated
to several appendixes. Simplifying approximations are stated.
The resulting constraints on the range of validity of the algorithms are assessed analytically and phrased concisely in terms
of critical nondimensional estimators. Calibration/confirmation
is implemented through a sequence of numerical tests and examples, including radiation from a cosine-tapered aperture distribution with nonlinear (quadratic) delay, which is tracked as
the wavefield approaches, reaches, and propagates beyond, the
focal plane. Snapshots in the examples are resolved in terms of
spatial and temporal cuts that depict the spatial and temporal deformations along the propagation path of the pulsed wavefield.
Conclusions are presented in Section IV.
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Fig. 1. Aperture geometry, global coordinates and beam coordinates
for a tapered linearly phased aperture field distribution. FD: F (x; ! ) =
P (! )g (x) exp(ikx sin  ) [see (29)]. TD: f (x; t) = g (x)p(t
c x sin  ) [see (28)].

0

II. FREQUENCY DOMAIN FORMULATION
We briefly summarize the frequency domain (FD) formulation, and refer the interested reader to [1]–[4], [11], [12] for de) domain, with all
tails. We restrict ourselves to the 2-D (
configurational quantities independent on . Excitation is specified as a -directed electric field with implicit time-harmonic
and spatial distribution
, which
dependence
at
occupies the aperture region

Fig. 2. Discretized Gabor lattice in the (x; k ) phase space, where k is
the x-domain wavenumber. n = const:: spatially displaced beams centered
at x = mL , with fixed phase gradient (beam tilt) (n ); m = const::
spectrally displaced beams with beam tilts (n ) at fixed location x .

(1)
A. FD Beam Discretization
The aperture geometry is shown in Fig. 1. The resulting (TM polarized) electromagnetic (EM) field radiated into the half-space
can be expressed by line-source superposition (Kirchhoff
integration) in physical space

is to be parame1) Aperture Field: The aperture field
terized in terms of GB basis functions via the rigorous self-consistent Gabor series representation [16], [17]
(5)

(2)

represents the normalized Gaussian window (initial
where
beam profile)

(3)
where
free-space wavenumber, with as
the wavelength;
denotes a unit vector;
zeroth order Hankel function of the
first kind;
and (in accord with the radiation condition)
(4)
and
In the remainder of this section, the dependence in
will be omitted in the notation. Equation (2) is derived using
to simulate
the free-space 2-D Green’s function
an equivalent magnetic line dipole current distribution on an
electric wall boundary.

(6)
This representation places the beam basis functions on a dis) phase-space lattice (see Fig. 2), on which each
cretized (
lattice point gives rise to a GB, whose spatial and spectral (beam
tilt) shifts are tagged by the indexes and , respectively. Spatial and spectral periods are related by the self-consistency rela[16], [17].
tion (configuration-spectrum tradeoff)
The expansion coefficients in (5) can be computed by intro[16], [17]
ducing an auxiliary bi-orthogonal function
(7)
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but as shown below, our subsequent use of narrow-waisted
beams avoids the cumbersome computation of and numerical
implementation of (7). Combining (2) and (5) yields the Gabor
lattice representation of the aperture field.
2) Radiated Field: The corresponding Gabor lattice repreis given
sentation for the field radiated into the half-space
by [1]

so that
(13)

(14)
(15)
(16)

(8)
where the beam functions
weighted line-source superposition

are expressed by Gabor-

(9)
being defined in (4). By saddle point methods, the integral in
(9) (or its spectral counterpart) can be evaluated asymptotically
in the beam paraxial far zone, yielding the following complex
source point (CSP) approximation [11], [12]

) beams in the Gabor exIn this approximation, the tilted (
,
pansion, which generate evanescent “far fields” for
are ignored. Second, for narrow-waisted beams, the CSP paraxial
far-zone approximation (10) can be invoked at moderate distance
and, therefore, the paraxial beam superposition gives accurate results even in the near zone of the aperture. Third, as shown in
[11]–[14], interaction of narrow-waisted beams with an environment can be effectively tracked by complex ray asymptotics.
C. Linearly Phased Aperture
As shown in [1] and [11], narrow-waisted beams work very
well for nonphased apertures, but usually require finer aperture
sampling in the presence of phasing. There are, however, special cases where more efficient implementations are possible.
In particular, we consider a linearly phased aperture, which will
efficiently parameterize the general case of nonlinear phasing
later on

(10)
(17)
with

representing the complex distance
(11)

and the complex source
between the observer at
point (CSP),
, where, in accord with the radiation condition
. Here
[see (4)], the square root is defined by
denotes a complex quantity.
and henceforth, the tilde
is reThe CSP displacement parameter (Fresnel length)
and the beam axis angle
lated to the beam lattice period
via
[11], and (10) is
. As
valid in the paraxial far-zone of each beam,
, the beam tilt angle
the tilt index increases to
becomes complex, and the corresponding beams become
evanescent.

is a real function and
denotes the real tilt angle
where
of the main radiation lobe with respect to the axis. In this
case, a more effective discretization can be obtained by Gabor
only and including the linear
expanding the real function
beam propagator.
phasing in the beam integral (9) for the
) beam exAccordingly, the narrow-waisted (
pansion can be recast as (for simplicity, the subscript “ ” is,
henceforth, replaced by “ ”)
(18)
where
(19)

B. Narrow-Waisted Beams
As emphasized in [1], [11], and [12], narrow-waisted beams
) have several attractive features. First, the Gabor
(
coefficients can be estimated with good approximation by
sampling the aperture field distribution, avoiding the time-consuming integration (7) [1]
(12)

(20)

(21)
(22)
in (14) by the
The beam propagator (20) differs from
) and by the different definitions of
phase shift (
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It is shown in Appendix A that the FD and TD fields
and
in (2) and (26), respectively, are
related through the Fourier transform pair

(27)
Direct numerical integration of (26) is complicated by the (integrable) square-root singularity at the upper limit
and requires care in its execution. Here, we use the NewtonCotes scheme proposed in [19] for the numerical integration of
(26), which represents our reference solution.

=

Fig. 3. Linearly phased cosine-tapered aperture distribution in (17), (23) (d
10;  = 30 ) (see Fig. 1). Near-zone (z = 5) radiated field synthesized
using narrow-waisted nontilted and tilted beams is compared with the reference
solution [Kirchhoff integration in (2)]. — Reference solution; - - - Tilted beam
synthesis (L = 0:02d); 1 1 1 1 1 1 Nontilted beam synthesis (L = 0:02d).

and in (21), (22), respectively, which produce the propin the beam direction (see Fig. 1). For
agation-matched tilt
comparison of the tilted and nontilted formulations, we consider
the linearly phased distribution (17) with cosine tapering
(23)
, and a fixed beam lattice period (
). In
Fig. 3, the near-zone fields synthesized under the same conditions with the same number of narrow-waisted nontilted (13) and
tilted (18) beams are compared with the reference solution [brute
force Kirchhoff integration in (2)]. The tilted beam synthesis is
hardly distinguishable from the reference solution, whereas the
nontilted synthesis is somewhat less accurate in magnitude.

A. TD Beam Discretization: Linear-Delay Aperture Fields
The GB discretization for the time-harmonic aperture distribution in Section II can be generalized to arbitrary time-dependent excitation by use of a four-index Gabor series, which
is set on a discretized lattice in the eight-dimensional (spacewavenumber, time-frequency) phase space (see [6] for analytic
and computational issues). A condensed summary of the analytic results of section III-A has been given in [13], together
with one simple numerical example. In our presentation below
we give detailed derivations that were omitted in [13] but are required for complete understanding of the results. Moreover, we
have here a much more comprehensive set of numerical examples as well as calibration of accuracy, which are not contained
in [13]. The results in this section are used for the important generalization in Section III-B to nonlinear-delay profiles which is
entirely new.
For assessment of the extent to which the FD narrow-waisted
beam approach can be generalized to TD (short-pulse) excitation, we begin by considering the case of a space–time separable
real)
aperture field with linear time delay (assuming

III. TD FORMULATION

(28)

We shall now explore the extension of the FD results for aperture radiation in Section II to time-dependent excitation, in particular to short pulses. To this end, we consider a space–time
aperture field distribution at
(24)

and its FD counterpart via (27)
(29)
where

is a time-pulse with characteristic width
is the Fourier transform of
,

, and

Using the 2D TD Green’s function [18, Sec. 7.3]
(30)
(25)
defined in (4), representing the speed of light, and
representing the Heaviside step function, the field radiated
can be expressed via the space–time
into the half-space
Kirchhoff integration [18], [19]

with

(26)

Equation (29) differs from (17) by the (spatially independent)
. This TD counterpart
frequency-dependent weight factor
of the linearly phased aperture in Section II-C generates a
direction (see
space–time-resolved pulse propagating in the
Fig. 1), with an assumed normalized pulse length much shorter
.
than the aperture dimension , i.e.,
Fourier inversion of the narrow-waisted tilted beam expansion (18) for a FD linearly phased aperture field yields a pulsed
beam (PB) expansion for the corresponding TD aperture field in
(28). However, the evanescent spectrum content in the FD beam
propagator (20) motivates use of the analytic signal formulation
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instead of the standard Fourier transform [5], [8]. The analytic
signal

with spectrum

is defined via the one-sided Fourier transform
(38)
(31)

where
signal

is the conventional Fourier spectrum of the real
[see (27)]. The real signal for real is recovered via
(32)

The analytic TD counterpart of the narrow-waisted FD beam
expansion (18) for the aperture field distribution (29) may thus
be written as

where the analytic PB propagator
paraxial, far-zone FD propagator

which has desirable wideband properties, being sufficiently
and . However, the procedure
bounded away from
below can be applied to any kind of modulated or differentiated
Gaussian pulse.
The beam parameter and hence, the complex distance
(21) in (20) are frequency dependent because the beam lattice
has been chosen frequency independent. For
period
, the amplitude factor in the FD beam propagator (20)
can be approximated by

(33)

(39)

is given in terms of the
in (20)

is real and frequency indepenwhere the distance
dent. In the phase, under the same conditions, we retain the first
order paraxial correction

(34)

(40)

For implementation, one can choose a frequency-independent
(resulting in a frequency (i.e., wavebeam lattice period
length)-dependent beam parameter [see (22)], or a frequencyindependent beam parameter (resulting in a frequency-depenpreferable bedent ). We consider frequency-independent
cause this yields frequency-independent Gabor coefficients [see
(19)]. The real TD field then follows from (33) and (34)

where (

) are the beam coordinates (see Fig. 1)
(41)

The phase approximation (40) is valid in the paraxial region of
each beam
(42)
together with the constraint that the beam parameter remains
of the pulse spectrum
small over the bandwidth

with
(35)

(43)
where the Gabor coefficients
ture sampling when

can be estimated through aper[see (19)]

With these approximations, the integral in (34) can be evaluated
in closed form, and the analytic PB propagator can written explicitly as (see Appendix B for details)

(36)
For the important class of Gaussian time pulses, we have
found useful closed-form approximations for the integral in
(34). In particular, we use a Rayleigh (four-times-differentiated
Gaussian) pulse (see Fig. 4)

(44)
with
(45)

(37)

(46)
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Fig. 5. Comparison between the exact and approximated functions M
(48)–(51). — Exact; - - - Approximated.
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in

Fig. 4. Rayleigh pulse. (a) Temporal profile in (37). (b) Spectrum (magnitude)
in (38).

(47)
(48)
(49)
,
and
are defined in (39) and (41),
where
is the gamma function [20, Sec. 6], and
is the
Kummer confluent hypergeometric function [20, Sec. 13]. Since
modulation or differentiation operations affect only the argu, the above reduction can be applied to
ments of
any Gaussian-envelope pulse.
The following simple approximations can be exploited for the
and
(see Appendix C):
functions
Fig. 6. Instantaneous snapshots of the TD beam propagator b (x; z; t)
(m = 0, L = d=20,  = 0, cT = 0:5). (a) ct = 1. (b) ct = 2. (c) ct = 3.
(d) ct = 4.

(50)

of the linear delay in (28), we now consider the aperture field
distribution
(52)

(51)
with its FD counterpart
Fig. 5 shows comparisons between the exact functions (computed via reliable numerical routines [21]) and the proposed approximations (50), (51). The results essentially overlap on the
resemble the form
scale of the plots. Since the functions
and shape of the Rayleigh pulse in (37) and Fig. 4, then using
(50) and (51), the TD beam propagator (44) can be computed
very efficiently. Fig. 6 shows a number of instantaneous snap. Note the rapid transverse spatial spreading
shots of
of the ray-like narrow-waisted PB, but its retention of the wavefront behavior in the longitudinal (radial) direction.
B. TD Beam Discretization: Nonlinear-Delay Aperture Fields
Extension of the TD Gabor algorithm in Section III-A to nonlinear delay profiles is an important new generalization. Instead

(53)
and
are real functions. Recalling the efficient
where
treatment of the linear delay fields in Section III-A, we split the
into a linear part plus a nonlinear
phase (delay) function
remainder
(54)
does not contain linear terms. The FD narrowwhere
waisted tilted beam decomposition (18) of Section II-C can,
in (17) given by
thus, be applied, with
(55)
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The corresponding FD Gabor coefficients [see (19)] are complex

(56)
and the corresponding TD beam expansion differs only slightly
from (33)
(57)
where
and

is the real part of the analytic PB propagator in (44),

(58)
C. Assessment of Accuracy
The explicit analytic results in (44) are based on the approximations (39) and (40), which are valid in the paraxial far-zone
(42). An additional condition is the smallness of the beam parameter over the whole bandwidth of interest [see (43)]. This
latter restriction, in turn, determines the maximum allowable
lattice period (i.e., the minimum number of beams) for speciand observation point. A rough theoretical estimate
fied ,
can be obtained from (43). For specified observation plane at
and recalling that
(see Fig. 1) the
overall constraint can be expressed by the following inequality
in terms of the nondimensional estimator

=0
= 5 = 10

Fig. 7. Radiated field due to nonphased (
) cosine-tapered aperture
distribution. Parameters: cT
: , d
cT (arbitrary units).
Reference solution via space–time Kirchhoff integration of (26): solid curves.
TD narrow-waisted beam synthesis in (35): dashed and dotted curves.
).
Observation points for the temporal profile are on the beam axis (x
(a) Temporal profile at x
,z
: F (arbitrary units); (b) Spatial
transverse profile at z
, ct
: ; - - - 5 beams (Q
: , e
dB);
10 beams (Q
: , e
dB), - - - 30 beams
(Q
: , e
dB). The r.m.s. errors e pertain to Fig. 7(a).

= 05

= 0 = 5 = 01
= 5 = 5 25
111111
= 0 8 1 = 014
= 0 26 1 = 031
1

=0
= 1 6 1 = 02
1 1

(59)
represents the number of beams
where the integer
is the normalized bandin the expansion (33),
, and
is the distance to the
width of the pulse
observation plane scaled by the Fresnel distance of the aperture,
. The nondimensional estimator
contains all relevant parameters of the problem. For example, decan be compensated by a corcreasing the number of beams
. However, a finer discretization
responding increase of
may be required in the presence of nonlinear phasing/delay for
the same degree of accuracy.
D. Numerical Results
The TD narrow-waisted beam expansions in (35), (57) have
been calibrated against a reference solution implemented by
space–time Kirchhoff integration of (26) in an extensive number
of numerical simulations. We present and discuss selected typical results, starting with the linear-delay space–time aperture
is the cosine tapering in (23) and
distribution (28) where
is the time dependence of the Rayleigh pulse in (37). Figs. 7
).
and 8 show typical results for the nonphased case (
Specifically, Fig. 7(a) depicts the time evolution of the -directed scalar electric field at a fixed observation point in the

= 0 = 20 =
=0

Fig. 8. Parameters as in Fig. 7. (a) Temporal profile at x
,z
: , e
dB). (b) Spatial transverse profile
: F , 15 beams (Q
at z
, ct
: , 15 beams (Q
: ). (c) Temporal profile at x
,
z
F , 10 beams (Q
: , e
dB). (d) Spatial transverse
profile at z
, ct
: , 10 beams (Q
: ). Reference solutions
(solid curves) and beam solutions (dashed curves) coincide on the scale of the
plots.

= 0 27 1 = 032
04
= 20 = 20 25
= 0 27
= 50 =
= 0 25 1 = 034
= 50 = 50 25
= 0 25

near zone (
) of a large aperture (
); the reference space–time Kirchhoff integration (26) is compared with
the TD beam synthesis (35) for various numbers of beams. In all
(see
simulations, we used a pulse-bandwidth value
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= 30
= 0 5 = 5 = 10
= 2 89 = 5 = 0 1
= 0 26 1 = 032
= 5 = 6 05
= 0 26
= 11 5
= 20 = 0 4
= 0 27 1 = 033
Fig. 10. Radiated field due to cosine-tapered focused aperture distribution in
= 20 = 23 3
= 0 27
= 28 9 = 50 =
= 0 25 1 = 033 (61), computed via space–time Kirchhoff integration of (26). Parameters: cT =
= 50 = 58
= 0 25 0:5, d = 5 = 10cT , L = 10 = 0:2F (arbitrary units). Instantaneous
snapshots at various times. (a) ct = 3:25; (c) ct = 10:235; (e) ct = 30:22.

Fig. 9. Radiated field due to linearly phased (
) cosine-tapered
aperture distribution. Parameters: cT
: ,d
cT (arbitrary
units). Observation points for the temporal profiles are on the tilted beam axis
 . (a) Temporal profile at x
: ,z
: F (arbitrary units),
25 beams (Q
: , e
dB). (b) Spatial transverse profile at
z
, ct
: , 25 beams (Q
: ). (c) Temporal profile at x
: ,
z
: F , 12 beams (Q
: , e
dB). (d) Spatial
transverse profile at z
, ct
: , 12 beams (Q
: ). (e) Temporal
profile at x
: ,z
F , 8 beams (Q
: , e
dB). (f) Spatial transverse profile at z
, ct
, 8 beams (Q
: ).
Reference solutions (solid curves) and beam solutions (dashed curves) coincide
on the scale of the plots.

Fig. 4), which sets the reference level for the nondimensional
estimator in (59). As expected, the agreement improves with
increase in the number of beams, and satisfactory accuracy is
. In order to better quantify the accuracy
achieved for
of the TD beam synthesis and the role of the nondimensional
estimator , we computed the r.m.s. (energy) error at a fixed
observation point

(60)
whose values are explicitly indicated in the figure captions. It
yield errors
dB.
is observed that values of
We shall use as a convenient calibrator of the accuracy in the
numerical experiments. It is observed from the transverse cut
shown in Fig. 7(b) that despite the use of the paraxial far-zone
approximation (42), the TD beam synthesis works quite well
) and not only
even in the near zone of the aperture (
around the main radiation lobe. As the observation distance increases, a coarser discretization can be used subject to (59). For

(b), (d), (f) Gray-scale plots corresponding to (a), (c), (e), respectively. See also
the spatial profiles in Figs. 12(b), 11(b) and 12(d) for different visualization.

instance, Fig. 8(a) and (b) show results for a moderate obser), whereas Fig. 8(c) and (d) show
vation distance (
) results. In these examples, only one beam
far-zone (
synthesis is shown, with the beam lattice period chosen so as to
, according to the above calibration; accuracy
assure
is confirmed. We conclude that even at moderate distances, acceptable results can be obtained with a relatively small number
of beams ( 20). The corresponding data for a linear-delay ex) are shown in Fig. 9. The same conclusions
ample (
apply, except that the field maxima are tracked along the tilted
beam axis .
As our final and most important example, we consider a
nonlinearly phased aperture distribution. In particular, we have
chosen a cosine-tapered aperture field with quadratic delay
(61)
which represents the TD counterpart of a typical time-harmonic
) or defocusing (
) distribution, with
focusing (
representing the conventional focal length. The focusing case is
the most challenging, since standard (nonuniform) ray asymptotics would fail due to the presence of caustic transition regions.
Moreover, we have chosen numerical values so as to get fo). A
cusing at moderate distance from the aperture (
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Fig. 12. Parameters as in Fig. 11, observed before and beyond the focal plane.
:
F , 100 beams (Q
(a) Temporal profile at x
,z
: L
: ,
e
dB); (b) Spatial transverse profile at z
, ct
:
, 100
: F , 30
beams (Q
: ); (c) Temporal profile at x
,z
L
beams (Q
: ,
e
dB); (d) Spatial transverse profile at z
,
ct
:
, 30 beams (Q
: ). Reference solutions (solid curves) and beam
solutions (dashed curves) coincide on the scale of the plots.

=
= 0 = 3 = 0 3 = 0 06
0 1 1 = 033
= 3 = 3 25
=01
= 0 = 30 = 3 = 0 6
= 0 1 1 = 037
= 30
= 30 22
=01

Fig. 11. Radiated field due to cosine-tapered focused aperture distribution in
(61), observed in the focal plane. Parameters: cT
: , d
cT ,
L
: F
(arbitrary units). Reference solution via space–time
Kirchhoff integration of (26): solid curves. TD narrow-waisted beam
synthesis in (57): dashed and dotted curves. (a) Temporal profile at x
,
z
L
: F . (b) Spatial transverse profile at z
, ct
:
;
- - - 10 beams (Q
:
, e
dB),
30 beams (Q
:
,
e
dB), - - - 60 beams (Q
:
, e
dB). The r.m.s.
errors e pertain to Fig. 11(a).

= 10 = 0 2

= 0 5 = 5 = 10

=0
= 10 = = 0 2
= 10 = 10 235
= 0 56 1 = 09 1 1 1 1 1 1
= 0 19
1 = 025
1 1
= 0 09 1 = 033
1

sequence of instantaneous snapshots of the radiated field at different times, computed via the space–time Kirchhoff integration
in (26), is shown in Fig. 10. One observes how the space–time
wavepacket, starting from the initial distribution (61), has a concave (focusing) wavefront on its way to the focal plane, i.e.,
[Fig. 10(a) and (b)]; it experiences its maximum
for
[Fig. 10(c)
space–time localization at the focal plane
and (d)], and spreads out beyond the focal plane with a convex
wavefront [Fig. 10(e) and (f)]. In order to assess the accuracy
of the PB expansion in (57), the comparison with the reference
solution is shown in Figs. 11 and 12 for representative temporal
and spatial cuts at various observation distances. Fig. 11(a) and
(most
(b) show the convergence results at the focal plane
challenging test). A slightly finer discretization is needed than
in the linear-delay case, for the same degree of accuracy; accudB) are obtained for
, but
rate syntheses (
dB) is still within the less
reasonable accuracy (
range. Fig. 12(a)–(d), show results for obserstringent
) and larger (
) than
vation distances smaller (
the focal length, with the number of beams chosen so as to as. The spatial profiles in Fig. 12(b) and (d) show the
sure
broader spatial extent of the wavefront, with respect to the focal
plane pattern in Fig. 11(b), which is analogous to the snapshots
in Fig. 10(a) and (e). The temporal profile of the incident pulse
in Fig. 12(a) is distorted at [Fig. 11(a)] and beyond [Fig. 12(c)]
the focus due to caustic-induced phase shifts.

IV. CONCLUSION
By extending the time-harmonic approach presented in [1], a
2D narrow-waisted pulsed beam algorithm has been presented
which allows an effective discretization of short-pulse radiation
from one-dimensional (1-D) large apertures. Analytic approximations in the form of readily computable functions have
been obtained for aperture field distributions with separable
space–time dependence, general phasing, and Gaussian pulse
excitation.
Accuracy assessments of the beam algorithm have been formalized theoretically in terms of the nondimensional estimator
, and calibrated numerically through a variety of simulations
involving phased and focused pulsed aperture field profiles;
independent calibration of the numerical data was achieved
by comparison with a rigorously based brute force space–time
Kirchhoff integration. The results are encouraging and confirm
that within the stated criteria, one can make fairly reliable
predictions of performance.
Overall, it appears that reasonably accurate syntheses can be
obtained with a moderate number of beams, within the con, thus making the algorithm a promising effistraint
cient parameterizer for beam tracing in the presence of propagation and scattering environments. Toward this goal, the TD
extension of the previously performed FD studies in [11]–[14]
is now under consideration [22]. For extension to two-dimensional (2-D) apertures which generate three-dimensional (3-D)
(vector) fields, see [23].

APPENDIX A
PERTAINING TO (26)
By Fourier transforming the FD radiated field in (2), recalling
and
are related through the Fourier transform pair
that
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APPENDIX C
PERTAINING TO (50), (51)

(27) [18], and applying the convolution theorem [24], the TD
halfspace can be written as
field radiated into the

The Kummer confluent hypergeometric function is defined
as [20, Sec. 13]
(67)

(62)
where
and
being
with being defined in (4), and with
related through the Fourier transform pair (27). The differentiation of the temporal integral in (62) can be performed through
differentiation under the integral sign, coupled with a limiting
procedure to circumvent the singularity at the upper integration
limit (see [19] for details), yielding

is the Pochammer symbol [20]
(68)

and
A rapidly convergent approximation for the functions
in (48), (49) can be obtained by exploiting the Kummer
transformation [20]
(69)
Accordingly

(63)

from which (26) follows.

(70)

APPENDIX B
PERTAINING TO (44)
By substituting (20) and (38), with (22), (39), (40), into (34)
one obtains
(71)
as shown in (50) and (51).
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